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Outline

» Bivariate polynomials

» Multivariate polynomials

Notation.
» R, a UFD with char(R) = 0;

» g € R, invertible and not a root of unity.
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Bivariate integer-linearity

Definition. p € R[n, k] irreducible, is integer-linear over R if
p = P(An + pk),

where P € R[z] and (A, ) € Z2.
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Bivariate integer-linearity

Definition. p € R[n, k] irreducible, is integer-linear over R if
p = P(An + k),
where P € R[z] and (A, 1) € Z? with

ged(A,u) =1 and  either (A, u) = (1,0) or > 0.
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Bivariate integer-linearity

Definition. p € R[n, k] irreducible, is integer-linear over R if

p = P(An+ pk), integer-linear type
where P € R[z] and|(A, 1) [€ Z? with
ged(A,u) =1 and  either (A, u) = (1,0) or > 0.

Definition. p € R[n, K] is integer-linear over R if all its irreducible factors
are integer-linear.
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Bivariate g-integer linearity
Definition. p € R[q™, "] irreducible, is g-integer linear over R if
p= qoanerP(q)\nJruk)’

where o, € N, P € R[z] and (A, 1) € Z? with

ged(A,u) =1 and either (A, 1) = (1,0) or u> 0.

Definition. p € R[q™, "] is g-integer linear over R if all its irreducible
factors are g-integer linear.
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Bivariate g-integer linearity
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Y-S ) AL
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where o, B € N, P € R[z] and[(A, w)|€ Z? with

ged(A,u) =1 and either (A, 1) = (1,0) or u> 0.

Definition. p € R[x,y] is g-integer linear over R if all its irreducible
factors are g-integer linear.

Example. p = 2x* + 4y°.
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Bivariate g-integer linearity

Definition. p € R[x,y] irreducible, is g-integer linear over R if
Y-S ) AL
P =x"y"P(x"y"), g-integer linear type
where o, B € N, P € R[z] and[(A, w)|€ Z? with

ged(A,u) =1 and either (A, 1) = (1,0) or u> 0.

Definition. p € R[x,y] is g-integer linear over R if all its irreducible
factors are g-integer linear.

Example. p = 2x* + 4y°.
b = x*P(x2y%)

with P(z) = 422 + 2.
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Bivariate g-integer linearity

Definition. p € R[x,y] irreducible, is g-integer linear over R if
Y-S ) AL
P =x"y"P(x"y"), g-integer linear type
where o, B € N, P € R[z] and[(A, w)|€ Z? with

ged(A,u) =1 and either (A, 1) = (1,0) or u> 0.

Definition. p € R[x,y] is g-integer linear over R if all its irreducible
factors are g-integer linear.

Example. p = (2x* + 4y°®)y>(x*y® + 1) (xy> + 2).
p =x"y? P1(x?y?) P2 (xy?) P3(xy?)

with Py (z) =4z +2,P2(z) =22 + 1,P3(z) =z + 2.
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Y-S ) AL
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where o, B € N, P € R[z] and[(A, w)|€ Z? with

ged(A,u) =1 and either (A, 1) = (1,0) or u> 0.

Definition. p € R[x,y] is g-integer linear over R if all its irreducible
factors are g-integer linear.

Example. p = (2x* +4y°)y3(x?y® + 1) (xy> + 2)(3x%y + 3x + 3).
p = 6x*y’ P1(x?y*) Pa(xy?) Po(x,y)

with P1(z) =222 + 1,P2(z) = (22 + 1)(z+2),Po = x*y +x + 1.
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Bivariate g-integer linear decompositions

Definition. p € R[x,y] admits the g-integer linear decomposition

m
P= CX“UﬁPO(X>U) Hpi(xhyui))

i=1

where ¢ € R, o, € N, Py € R[x,yl, Pi € Rlz] and A, 1y € Z with
» Po primitive and having no non-constant g-integer linear factors;
» each P; non-constant, primitive and P;(0) # 0;
» ged(Aq, 1) =1, and either (Aq, i) = (1,0) or puy > 0;

» the (A, i) pairwise distinct.
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Bivariate g-integer linear decompositions
Definition. p € R[x,y] admits the g-integer linear decomposition

m
p = cx*yPPo(x,y) HPi(xA‘y”‘),

i=1

where ¢ € R, o, € N, Py € R[x,yl, Pi € Rlz] and A, 1y € Z with
» Po primitive and having no non-constant g-integer linear factors;
» each P; non-constant, primitive and P;(0) # 0;
» ged(Ay, i) =1, and either (Aq, i) = (1,0) or w; > 0;

» the|(Ai, i) |pairwise distinct.

g-integer linear types
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Applications

» g-Integer linearity

» g-Analogue of the Ore-Sato theorem
(Du, Li 2019)

» g-Analogue of Wilf-Zeilberger's conjecture
(Chen, Koutschan 2019)

» Applicability of q-Zeilberger's algorithm
(Chen, Hou, Mu 2005)

Huang, DLUT q-Integer Linear Decomposition

5/20



Applications

» g-Integer linearity

» g-Analogue of the Ore-Sato theorem
(Du, Li 2019)

» g-Analogue of Wilf-Zeilberger's conjecture
(Chen, Koutschan 2019)

» Applicability of q-Zeilberger's algorithm
(Chen, Hou, Mu 2005)

» g-Integer linear decomposition

» g-Analogue of the Ore-Sato decomposition

» Creative telescoping algorithm
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A resultant-based algorithm (Le 2001)
Goal. Given p € R[x,y], find p = ¢ x*yPPo(x,y) [T, Pi(xMy*s).
Key observation.

r=-Ai/u <= gcd(p,plgx,q'y)) €R
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A resultant-based algorithm (Le 2001)
Goal. Given p € R[x,y], find p = ¢ x*yPPo(x,y) [T, Pi(xMy*s).
Key observation.
r=-Ai/m < gad(p,plax,q'y)) R
Main steps.
» Find candidates for the (Aq, 1i):
conty (resultanty (p,plax, qry))> =0
» Compute the Pi(z):
to = ged(p, p(ax, q"y))
{ti = ged(tio, tiz1(gx,q"y)),i=1,2,...

e Pi(x)‘iy”‘) =1t; if degt; =degti_1 >0
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A resultant-based algorithm (Le 2001)
Goal. Given p € R[x,y], find p = ¢ x*yPPo(x,y) [T, Pi(xMy*s).
Key observation.

r=-AN/m < gedlp,plgx,q'y)) € R
Main steps.

» Find candidates for the (Aq, 1i):

conty (resultanty (p,plax, qry))> =0
» Compute the Pi(z):

Pi(z) = conty (num (p(xui , XM )))

z=z Mi
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A factorization-based algorithm
Goal. Given p € R[x,y], find p = ¢ x*yPPo(x,y) [T, Pi(xMy*s).

Key observation.

d
p=xYPPOMY) = p=x"yP Y altyM)*
k=1
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A factorization-based algorithm
Goal. Given p € R[x,y], find p = ¢ x*yPPo(x,y) [T, Pi(xMy*s).
Key observation.
d
p=xYPPOMY) = p=x"yP Y altyM)*
k=1
—  supp(p) = {(o, B) + k(A1) | cx # 0}
Main steps.
» Compute the full factorization of p;

» Check the g-integer linearity of each irreducible factor;

» Group factors of the same type.
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Motivating examples

Consider p = 2x* + 4y°.
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Motivating examples
Consider p = 2x* + 4y°.
» The g-integer linear decomposition:
p=2"P(x *y’)
with P(z) =222 4 1.

Huang, DLUT q-Integer Linear Decomposition

8/20



Motivating examples
Consider p = 2x* + 4y°.
» The g-integer linear decomposition:
p =2x*P(x %y?)
with P(z) =222 4 1.
Y

(0,6)¢

O L
(4,0)

Huang, DLUT q-Integer Linear Decomposition

8/20



Motivating examples
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with P(z) =222 4 1.
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Motivating examples
Consider p = (2x* + 4y°)y3 (x?y® + 1) (xy> + 2).
» The g-integer linear decomposition:
p = 2'y*Pi(x ?y?)Pa(xy?)
with Pq(z) =222 +1,P2(z) = (22 + 1)(z + 2).
Yy

(@)
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Motivating examples
Consider p = (2x* + 4y°)y3 (x?y® + 1) (xy> + 2).
» The g-integer linear decomposition:
p = 2'y*Pi(x ?y?)Pa(xy?)
with Pq(z) =222 +1,P2(z) = (22 + 1)(z + 2).

Y (3,18)

(7,12)

(4,3)
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Motivating examples
Consider p = (2x* + 4y°)y3 (x?y® + 1) (xy> + 2)(3x?y + 3x + 3).
» The g-integer linear decomposition:
p = 6x*y’P1(x Y’ )P2(x'y’)Po(x,y)
with Py(z) =222 +1,P2(z) = (22 + 1)(z +2),Po = x%y +x + 1.

Y
[ ]
[ ] [ ]
[ ]
[ ] [ ]
[ ] °
[ ] [ ] [ ] [ ]
[ ] [ ]
[ ] [ ] [ ] [ ]
[ ]
[ ] [ ]
[ ]
[ ] [ ]
O
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Motivating examples
Consider p = (2x* + 4y°)y3 (x?y® + 1) (xy> + 2)(3x?y + 3x + 3).
» The g-integer linear decomposition:
p = 6x*y’P1(x Y’ )P2(x'y’)Po(x,y)
with Py(z) =222 +1,P2(z) = (22 + 1)(z +2),Po = x%y +x + 1.

y (3.18) (2,1) (5,19)

(_2)3)

(9,13)

(4,3)  (5,3)
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Motivating examples
Consider p = (2x* + 4y°)y3 (x?y® + 1) (xy> + 2)(3x?y + 3x + 3).
» The g-integer linear decomposition:
p = 6x*y’P1(x Y’ )P2(x'y’)Po(x,y)
with Py(z) =222 +1,P2(z) = (22 + 1)(z +2),Po = x%y +x + 1.

y (3,18) (5,19)
(_2)3)
(9,13)
. 64
(4,3) (5,3)
0 X
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Motivating examples
Consider p = (2x* + 4y°)y3 (x?y® + 1) (xy> + 2)(3x?y + 3x + 3).
» The g-integer linear decomposition:
p = 6x*y’P1(x Y’ )P2(x'y’)Po(x,y)
with Py(z) =222 +1,P2(z) = (22 + 1)(z +2),Po = x%y +x + 1.

Proposition. Let p € Rlx,y] \ R with conty (p) = conty(p) = 1. Then
(A, 1) is a g-integer linear type of p

!

The Newton polygon Newt(p) of p
either is a line segment of direction (A, )

or has multiple edges of direction (A, ).
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Proposition. Let p € Rlx,y]\ R With[contx(p) = conty (p) = 1] Then

(A, 1) is a g-integer linear type of p A # 0

ﬂ The convex hull of supp(p)

The[Newton polygon Newt(p) of p]

either is a line segment of direction (A, )

or has multiple edges of direction (A, ).
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Algorithm BivariateQILD

Input. p € R[x,yl.

Output. The g-integer linear decomposition of p.
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Algorithm BivariateQILD

Input. p € R[x,yl.

Output. The g-integer linear decomposition of p.

1 If p € R, return p; else ¢ = conty ,(p) and Py =p/c.
2 If conty (Pg) or conty(Po) # 1, update o, B, P (x*™y*™) and Po.

3 If Po =1, return cx*yP [T, Pi(x iy™).
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3 If Po =1, return cx®yP [Ti%, Pi(xMiyte).
4 Find directions {(A, u)} of (multiple) edges in Newt(Py).
5 For each (A, ) with Ap # 0, if
conty (num(Po(x*,zx ™)) ¢ R,

update o, Py (x*myHm) and Py.
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Algorithm BivariateQILD
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Output. The g-integer linear decomposition of p.
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2 If conty (Pg) or conty(Po) # 1, update o, B, P (x*™y*™) and Po.
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4 Find directions {(A, u)} of (multiple) edges in Newt(Py).

5 For each (A, ) with Ap # 0, if
conty (num(Po(x*,zx ™)) ¢ R,

update o, Py (x*myHm) and Py.

6 return cx*yPPo [T, Pi(x iyMs).
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Bit complexity comparison

Given p € Z[q,q~'1[x,y] with deg(p) = d and ||p|lsc = B.

BivariateQILD ResultantQILD FactorizationQILD

O~ (d” +d®logB) | O (d®+ d3logp) O~ (d®logp)

Remark. For p = Z Cijquxiyj € Zlq, q”myl
i,jEN,k€EZ

b deg(p) = max { deg, (p), deg, (p), deg, (p), Ideg, (p) };
> [Iplloo = maxy j i lcijil;
» Word length of nonzero a € Z: O(log|al).
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Multivariate g-integer linear decompositions

Definition. p € R[x1,...,xn] admits the g-integer linear decomposition

m

Al .
p=cxy' - xq Po(x1,..0,Xn) HPi(x1” xi‘;“),
i=1

where c € R, o5 € N, Py € R[x1,...,xn], Pi € R[z] and Ay; € Z\{0} with
» Po primitive and having no non-constant g-integer linear factors;
» each P; non-constant, primitive and P;(0) # 0;
» ged(Air,...,Ain) = 1, and the rightmost nonzero entry positive;

» the (Ai1y...,Ain) pairwise distinct.
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Definition. p € R[x1,...,xn] admits the g-integer linear decomposition

m

Al .
p=cxy' - xq Po(x1,..0,Xn) HPi(x1” xi‘;"),
i=1

where c € R, o5 € N, Py € R[x1,...,xn], Pi € R[z] and Ay; € Z\{0} with
» Po primitive and having no non-constant g-integer linear factors;
» each P; non-constant, primitive and P;(0) # 0;
» ged(Air,...,Ain) = 1, and the rightmost nonzero entry positive;
» the|(Ai1y...,Ain)|pairwise distinct.

g-integer linear types

{p is g-integer linear over R < Py =1
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A direct idea
Given p € R[x1,...,%n] \ R with conty, (p) =+ = conty, (p) =1, find

p=cxy' - xq" Po(x1,..0,Xn) HPi(X?” S X,
i=1
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A direct idea A1 Ain #0
|

Given p € R[x1,...,xn] \ R With[contx] (p) =+ =conty, (p) = 1] find
m
p=cxy' - xq" Po(x1,..0,Xn) HPi(x?” xi‘l‘").
i=1

» Find candidates for the (Ai1,...,Ain):  The convex hull of supp(p)

The[Newton polytope Newt(p) of p]has

(multiple) edges of direction (Ai1,...,Ain)-

» Compute the Pi(z):
Pi(z)
I

A As A B S
conty, . . xn 4 (num (POt ey Xpiy zx M x Ny )))

Z:ZAin
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Algorithm MultivariateQILD;

Input. p € Rlx1,...,xnl.
Output. The g-integer linear decomposition of p.

1 If p € R, return p; else ¢ = conty, .. x,.(p) and p =p/c.

2 If n =1, return; else call the algorithm recursively on conty, (p),

and update oci,Pm(x?’“‘ <o xAmn) Py and p.
30fFp=1,return cx{ - x&n Py [T, Pi(x]t - xhin).

4 Find directions {(A1,...,An)} of multiple edges in Newt(p).

5 For each (A1,...,An) with Ay -+ A #£0, if

A An —A —An_
Contxh...,x“ 1(num(P(X1“) oy X0t 1y 2% L 1))) ¢ R>

n—I1
update o‘i»Pm(X?m o )\m“) Po and p.
6 return cxi! - x@ Po T, Pilx]t - xim).
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Example

Consider

2 2 1614 8,12 6,915 2.8,3.5 .12
(qx1x3 +x5%3 +X5%4) (7%5°%4" + 2qx7x37) (3qxTx3%57 — IXTX5X3X5 + X57)

Huang, DLUT q-Integer Linear Decomposition 14/20
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2 2 1614 8,12 6,915 2.8,3.5 .12
(qxix3 +x5%3 +X5%4) (7%,°%4" + 2qx7x37) (3qxTx3%57 — IXTX5X3X5 + X57)

P €Zlq,q"]lx1,x2,x3,x4]

» The support of p consists of
v =(9,12,13,0), v,:=(8,14,13,0), wv3:=(8,14,12,1),
vq = (11,8,16,5), vs5:=(10,10,16,5), v¢:=(10,10,15,6),
vy = (1,28,1,14), wvg:=(0,30,1,14), v :=(0,30,0,15),
vio := (15,0,22,15), vi7 := (14,2,22,15), vi2 := (14,2,21,16),
vi3 = (3,24,4,19), vi4:=(2,26,4,19), wvi5:=(2,26,3,20),
vig = (7,16,10,29), vi7 := (6,18,10,29), vi5 := (6,18,9,30).
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Example

Consider

(q@x1xs +x3x3 +x3%a) (7% + 2qx§x32) (Bqx§x3xs” — 9xIx3x3xG +x57)

P €Zlq,q"]lx1,x2,x3,x4]

» The Newton polytope of p processes 19 edges:

[v2, Vs, [vs,vi7], vi1,vi7l, v2,v11l, [vs, Vol
[v2,v3l, V3, Vvoel, [vo,Vv1sl, V17, Vv1sl, v1,vsl,
vi,val, V1o, V11l V10, V16l Vie, V17l v1,v7],
v7,vel, v1,v10l, v7,v16l, V16, Visl.
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(— 1), (2,—4,3,5), (2,—4,3,5), (— —1,1).
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Example

Consider

(qx1x3 +

X33 + x3x4) (7x1°

Texat + 2qx3x12) (3qx§xixg’

14 9

— XSG +x)

?)

Candidates for types

P €Zlq,q"]lx1,x2,x3,x4]

Univariate polynomials

(_4) 8) _6» 7)
(Za _4)3)5)
(_1 ) 2) —1 ) ])

» The g-integer linear decomposition of p is

8 12
p = x$x1%x1% Po

Pi(x7 x§x3 x4) Pz(x1x2

with Py = gx1x3 + X3%3 + X3X4.

Huang, DLUT

q-Integer Linear Decomposition

Pi(z) =722+ 2q

4

Py(z) =3qz3 — 9z +1

xS

)s

14/20



A proposition

Let p € R[x1,...,%n]. Then

X o A1
P =X X P

T

Hij  Hji
i X )

...er\ln)

P :xf”x!s“Pij(x

j forany 1 <i<j<n

where
» P(z) € R[z], &y € N, A; € Z;
P Pij(z) € RIX1y ooy Xim 1y Xig Ty e e oy X1y Xji 1y -+ -, Xl [2];

> Bijy Bty Wij) Wji € Z.

Huang, DLUT q-Integer Linear Decomposition

15/20



A proposition

P is g-integer linear w.r.t. X7,...,Xn

Let p € R[x1,...,%n]. Then i

T

where

P is g-integer linear w.r.t. xi,X;

» P(z) € R[z], 4 €N, A; € Z;
P Pij(z) € RX1y ooy X1y Xi 1y oo oy X1y Xt Ty -+ oy Xl 2]

> Bij, Bjiy Kijy Wi € Z.
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Example

Consider
(q@x1xs +x3x3 +x3%a) (7% + 2qx§x32) (Bqx§x3xs” — 9xIx3x3xG +x57)
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Example

Consider

16,14 9.1

(qx1x3 +x3%3 4+ x3%a) (7x3x4* + 2qx8x32) (3qx§xixd® — xixdx3xd +x12)

p €Zlq,q'lx1,x2,x3,x4]
» p=x1° P(xﬂx%) with
P(2) = (qx3 + 2x3 + 2xa) (7283 + 2x}%) (3qxixy® — 92'x3x3 + 2°)
b p=x38Po Pi(xIx;*x3) with
Po = gqx1x3 + X%Xg. + X§X4,
Pi(z) = (7x}* +2qz*)(3qz3x}> — 92x5 + 1)
» Pi(z) € Zlq,q'1lz,x4]

(7x4* +292")(3qz3x)° — 92x3 + 1)
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Pi(z) = (7x}* 4+ 2q2*)(3qz3x )% — 92x3 + 1)

> [p = x$x12x12 Py Py (x Ix8x5 0x]) Pz(x%xz“xgxi)]with

Po = qxi1%3 + X3x3 + X3x4,

Pi1(z) =72 +2q, Pa(z) =3qz> —9z+1

Huang, DLUT q-Integer Linear Decomposition 16/20



Algorithm MultivariateQILD;

Input. p € Rlx1y...,%xn].
Output. The g-integer linear decomposition of p.

1 If p € R, return p; else ¢ = conty, .. x,.(p) and p =p/c.
2 If n=1, return. If n =2, call BivariateQILD on p and return.
Call algorithm recursively on conty, «, (p) and update , Pi,p.
If p=1, return cxy' - x& Py [T, Pi(X?” xR,

Set A1 ={((1),p(z,x2y...,%n))} with z an indeterminate.

S g ~AW

Fork=1,...,n—T1and ((L1,..., k), hM(Zy X111y -y Xn)) € Ax,
call BivariateQILD with input h(z,xy.1) and update o, Po, Axi1.

7 For ((K1y...,n), h(2)) € An, update Pm(xq"“‘ o xhmn ),

m Ai ;
8 return cx{" - x&n Py [0 Pa(xt + oo xQim).
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Bit complexity analysis

Given p € Z[q,q '1[x1,...,Xn] with deg(p) = d and [[pllec = B-

MultivariateQILD; MultivariateQILD,

o~ (n!(d2n+3 + d2n+2 log B + dn[n/ZJ )) o~ (dn+5 + dn+4 log B)

ki i —1
Remark. p = E Cipyin,kd X7 o X € ZIGy g X0y ey X,
1,eenyin €EN,KEZ

» deg(p) = max { deg,, (p),...,deg,, (p),deg,(p),ldeg,(p)};

» IIpllooc = maxi, . i ,klCi;,. . in,kl
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Timings (in seconds)

Test suite: p = Po [ 1, num(P;(x]1" - xAin)).

» Po € Zlqllx1,...,xn] with deg,, . (Po) =degq(Po) = do;

2 (}\ﬂ,...,?\in) € Z™ with ‘}\ij| < 10;
» Pi(z) = fi1(2)fiz2(z) with fi;(z) € Z[qllz] and deg(fij(z)) =j - d.

(n,m,do,d) | RQILD  FQILD MQILD; MQILD,
2,1,1,1) 5408.48 0.04 0.01 0.01
(2,1,5,1) 8381.99 0.06 0.03 0.03
(2,1,10,1) - 0.19 0.04 0.04
(2,2,10,2) - 4.55 0.27 0.20
(2,3,10,2) - 36.14 1.38 1.21
(2,4,10,2) - 114.82 4.98 4.53
(2,3,10,3) - 169.13 4.28 3.80
(2,3,10,4) - 649.03 12.15 12.86
(2,3,10,5) - 155431 31.54 33.50
(6,2,5,1) - 114132 2.58 0.98
(7,2,5,1) ~  11759.89 6.07 1.74
(8,2,5,1) ~- 1815345 10.60 5.29
(9,2,5,1) - - 65.53 38.12
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Test suite: p = Po [ 1, num(P;(x]1" - xAin)).

» Po € Zlqllx1,...,xn] with deg,, . (Po) =degq(Po) = do;

2 ()\ﬂ,...,?\in) € Z™ with ‘)\ij| < 10;

> P'l(Z) = fﬂ (Z)fiz (Z) with fi]' (Z) S Z[q] [Z} and deg(fij(z)) :] -d.

(n,m,do,d) | RQILD  FQILD MQILD; MQILD,
2,1,1,1) 5408.48 0.04 0.01 0.01
(2,1,5,1) 8381.99 0.06 0.03 0.03
(2,1,10,1) - 0.19 0.04 0.04
(2,2,10,2) - 4.55 0.27 0.20
(2,3,10,2) - 36.14 1.38 1.21
(2,4,10,2) - 114.82 4.98 4.53
(2,3,10,3) - 169.13 4.28 3.80
(2,3,10,4) - 649.03 12.15 12.86
(2,3,10,5) - 155431 31.54 33.50
(6,2,5,1) - 114132 2.58 0.98
(7,2,5,1) - 11759.89 6.07 1.74
(8,2,5,1) ~ 1815345 10.60 5.29
(9,2,5,1) - - 65.53 38.12
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Summary

Results.
» An efficient algorithm for bivariate g-integer linear decompositions

» Two algorithms to handle general multivariate polynomials
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