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» Technique of creative telescoping

» New approach for trivariate rational functions
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The creative telescoping problem

GIVEN f(n, k), FIND g(n, k) such that

f(n)k) = g(n)k+ 1) - g(n)k)-

Then F(n) = Y ¢, f(n, k) satisfies

Z (n,k+1)—g(n,k)).

k=0
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The creative telescoping problem

GIVEN f(n, k), FIND g(n, k) such that

f(n)k) = g(n)k+ 1) - g(n)k)-

Then F(n) = Y ¢, f(n, k) satisfies

Fn) = gn,n+1)—g(n,0).
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The creative telescoping problem

GIVEN f(n, k), FIND co(n),...,co(n) and g(n, k) such that
co(m)f(n, k) +- - +co(n)f(n+p,k) = gn,k+1)—g(n,k).
Then F(n) = Y 1, f(n, k) satisfies

co(n)F(m) + - - + cp(n)F(n + p) = explicit(n).
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The creative telescoping problem

GIVEN f(n, k), FIND co(n), ..., co(n) and g(n, k) such that
(co(m) +--- +cp(n)SY) (f(n, k) = (S —1)(g(n, k).
Then F(n) = ¥, f(n, k) satisfies
Co(M)F(M) + - - - + co(N)F(n + p) = explicit(n).

Notation. S, (f(n,k)) = f(n+1,k) and S¢(f(n,k)) = f(n,k+1).
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The creative telescoping problem

GIVEN f(n, k), FIND co(n),...,co(n) and g(n, k) such that

{co(n) + -- -+ cpln n)SE) (f(n, k) = (Sk—1)(gln, k).

telescoper certificate
Then F(n) = Y ¢, f(n, k) satisfies

co(m)F(n) + - - 4+ co(n)F(n + p) = explicit(n).

Notation. S, (f(n,k)) = f(n+1,k) and S¢(f(n,k)) = f(n,k+1).
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Generations of creative telescoping algorithms

1 Elimination in operator algebras / Sister Celine's algorithm
(since =~ 1947)

2 Zeilberger's algorithm and its generalizations (since ~ 1990)

3 The Apagodu-Zeilberger ansatz (since ~ 2005)

4 The reduction-based approach (since ~ 2010)
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Generations of creative telescoping algorithms

1 Elimination in operator algebras / Sister Celine's algorithm
(since =~ 1947)

2 Zeilberger's algorithm and its generalizations (since ~ 1990)

3 The Apagodu-Zeilberger ansatz (since ~ 2005)

4 [The reduction-based approach (since ~ 2010)]
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The reduction-based approach

» Differential case:

»

v v Vv v v Vv

Bostan, Chen, Chyzak, Li (2010): bivariate rational functions
Bostan, Chen, Chyzak, Li, Xin (2013): bivariate hyperexp. funs
Bostan, Lairez, Salvy (2013): multivariate rational functions
Chen, Kauers, Koutschan (2016): bivariate algebraic functions
Chen, van Hoeij, Kauers, Koutschan (2018): fuchsian D-finite
Bostan, Chyzak, Lairez, Salvy (2018): D-finite functions

van der Hoeven (2020): D-finite functions
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The reduction-based approach

» Differential case:

»

v v Vv v v Vv

Bostan, Chen, Chyzak, Li (2010): bivariate rational functions
Bostan, Chen, Chyzak, Li, Xin (2013): bivariate hyperexp. funs
Bostan, Lairez, Salvy (2013): multivariate rational functions
Chen, Kauers, Koutschan (2016): bivariate algebraic functions
Chen, van Hoeij, Kauers, Koutschan (2018): fuchsian D-finite
Bostan, Chyzak, Lairez, Salvy (2018): D-finite functions

van der Hoeven (2020): D-finite functions

b Shift case:

>
»
»

Chen, H., Kauers, Li (2015): bivariate hypergeom. terms
H. (2016): new bounds for hypergeom. creative telescoping
Giesbrecht, H., Labahn, Zima (2021): bivariate rational funs
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» Shift case:
» Chen, H., Kauers, Li (2015): bivariate hypergeom. terms

»
>
>

H. (2016): new bounds for hypergeom. creative telescoping
Giesbrecht, H., Labahn, Zima (2021): bivariate rational funs
Chen, Hou, H., Labahn, Wang: trivariate rational functions
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Double rational summations

Consider
n n

Z Z f(n) k) B),

k=0 (=0
where f € C(n,k, {) with char(C) = 0.
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Double rational summations/identities

Consider

where f € C(n,k, {) with char(C) = 0.
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Double rational summations/identities

Consider

where f € C(n,k, {) with char(C) = 0.

The creative telescoping problem.

GIVEN f € C(n, k, 0).
FIND cg,...,c, € C[n] and g,h € C(n,k,£) such that

(co(n) + -+ co(M)SR)(f) = (S — 1)(g) + (S¢ — 1)(h).
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Double rational summations/identities

Consider

where f € C(n,k, {) with char(C) = 0.

The creative telescoping problem.

GIVEN f € C(n, k, 0).
FIND cg,...,c, € C[n] and g,h € C(n,k,£) such that

[co(m) + - e n)SH) (f) = (Sx — 1) @\Se—}.-

telescoper certificate
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Example

ii 2k—n 0
— = k4+n+Dk—2n—1)L+n+1)
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Example

ii 2k—n
k+n+1)k—-2n—1{L+n+1)

k=0 ¢=0

f(n,k,¢)

Huang, DLUT Creative Telescoping in Trivariate Rational Case

7/17



Example

2k—n

n n
ZZ k+n+1)k—-2n—1{L+n+1)

k=0 ¢=0

f(n,k,0)
» Creative telescoping:
fin+1,k,8) — f(n,k,£)
Il
gm,k+1,8) — g(nk, 1)
+
h(n,k,£4+1) — h(n,k,{)
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Example

ii 2k—n
k+n+1)k—-2n—1{L+n+1)

k=0 ¢=0
f(n,k,¢)
» Creative telescoping:
n n n n
> fn+1k0) — > ) fin,k0)
k=0 ¢=0 k=0 ¢=0

I
> (gnk+1,0 = g(n,k,0)
=0 n
(h(m,k, €4+ 1) = hin,k,0))

M= IM-
M>-

il
o
o~
Il

o
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Example

k=0 ¢=0

ii 2k—n B
k4+n+Nk—-2n—1DL+n+1)

)
» Creative telescoping:
n n n n
D fn+1,k0 — ) ) fink)
k=0 (=0 k=0 (=0
n
=0
n n
> > (Rtnke+1) = hink,0)
k=0 ¢=0
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Example

A 2k—n
ZZ k+n+1)k—-2n—1{L+n+1)

k=0 ¢=0
f(n,k,¢)
» Creative telescoping:
n n n
> fn+1k0) — > ) fin,k0)
k=0 ¢=0 k=0 ¢=0

i (g(n,n+1,€) — g(n,O,E))
=0

|v13

>

k=0 ¢

( Mk +1) — h(n,k,e))

Il
o
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Example

n

2k—n

>

k=0 (=
f(n,k,L)
» Creative telescoping:
n n n n
fln+1,k0 — > Y fin,k0
k=0 (=0 k=0 (=0
N I
Z (9(“)“ + 1)@ - g(n>0>£)>
(=0
n
k=0]
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Example

n

i 2k—n
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n n n n
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k=0 ¢=0 k=0 ¢=0
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M= 1M

(h(n, k,n+1) — h(n, k,O))

i
o
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Example

k=0 ¢=0
f(n,k,0)
F(n)
» Creative telescoping:
n n n n
D fn+1,k0 — [y > flnk0)
k=0 ¢=0 k=0 (=0

(g(n,n +1,0 — g(n,O,!Z))

M= 1M

(h(n, k,n+1) — h(nk 0))

i
o

Huang, DLUT Creative Telescoping in Trivariate Rational Case

A 2k—n
ZZ k+n+1)k—-2n—1{L+n+1)

7/17



Example

n n

Z 2k—n _ 0

= k4+n+Dk—2n—1)L+n+1)
f(n,k,0)

» Creative telescoping:

3
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Example

A 2k—n
ZZ k+n+1)k—-2n—1{L+n+1)

k=0 ¢=0
f(m,k,0)
> Creative telescoping: Fin+1)
n n+1
ZZ“““ KO — FM) Y fmstne)
k=0 {=0 k=0

Il n

(9(“’n+1>€) — g(n,o,e))_zof(““»nﬂ,e)

M= 1M

(h(n, k,n+1) — hin k,O))

i
o
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Example

ii 2k—n 0

— = k4+n+Dk—2n—1)L+n+1)

f(m,k,0)

» Creative telescoping:
Fin+1) — F(n)

I
Z( (ny,n+1,8) — g(n,0,¢) +f(n+1,n+1,€)>

=0
+
n
Z( (mk,n+1) — h(n,k,0) +f(n+1,k,n+1)>
k=0
_|_
fn+I,n+1,n+1)
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Example

ii 2k—n B
k4+n+Nk—-2n—1DL+n+1)

k=0 ¢=0 iy
f(m,k,¢)
» Creative telescoping:
Fin+1) — F(n) 1

2(n+2)(2n+3)

I R
i ()
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Example

ii 2k—n B
— = k4+n+Dk—2n—1)L+n+1)

f(n,k,¢)

» Creative telescoping:

n n
Fn+1)—Fm) =0 withFn)=) > f(nk0).
k=0 €=0
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Example

ii 2k—n B
— = k4+n+Dk—2n—1)L+n+1)

f(n,k,¢)

» Creative telescoping:

n n
Fn+1)—Fm) =0 withFn)=) > f(nk0).
k=0 €=0

b Verification: F(0) =0

n n
:Zankf

k=0 (=0
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Example

ii 2k—n B
— = k4+n+Dk—2n—1)L+n+1)

f(n,k,¢)

» [Creative telescopingl——key step

n n
Fn+1)—Fm) =0 withFn)=) > f(nk0).
k=0 €=0

b Verification: F(0) =0

n n
:Zankf

k=0 (=0
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Univariate Abramov reduction (1975)

Let f € C(k). Then Ja,b € C[k] such that

f=(s=n() +
Sy-summable

a
b
with

b degy(a) < degy(b);

» ged(b,SPH(b)) =1 for all m € Z \ {0}.
Moreover,

fis Sx-summable <= a=0.
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Univariate Abramov reduction (1975)

Let f € C(k). Then Ja,b € C[k] such that

r=(sc-1(-) +

Sy-summable Sy-remainder

with

b degy(a) < degy(b);

» ged(b,SPH(b)) =1 for all m € Z \ {0}.
Moreover,

fis Sx-summable <= a=0.
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Bivariate Hou-Wang reduction (2015)

Let f € C(k,{). Then Jay € C(k)[t], d; € Clk, €] such that

f=(S=1( )+ (Se=1( - )+Z%

summable

with

» degy(ay) < degy(di);

» d; monic and irreducible over C;

b di # S8 (div) for all my, my € Z and 1 #1/.
Moreover,

f is summable <= each a;;/d] is summable.
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Individual bivariate summability (HouWang2015)
Let j € Nya € C(k)[€] \ {0}, d € C[k, €] irred., deg,(a) < deg,(d).
Then a/d is (S, S¢)-summable iff
» d=p(ak+ pL) for p € Clx] and &, 3 € Z coprime;
» 3q € C(k)[{] with deg;(q) < deg,(d) such that

a=S0S%q)—q.
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Individual bivariate summability (HouWang2015)
Let j € Nya € C(k)[€] \ {0}, d € C[k, €] irred., deg,(a) < deg,(d).

Then a/d is (S, S¢)-summable iff

> [d =p(ok + [5(’,)]for p € Clx] and o, 3 € Z coprime;

(k, £)-integer linear
» 3q € C(k)[{] with deg;(q) < deg,(d) such that

a=SS;*(q) —q.
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Individual bivariate summability (HouWang2015)
Let j € Nya € C(k)[€] \ {0}, d € C[k, €] irred., deg,(a) < deg,(d).

Then a/d is (S, S¢)-summable iff

> [d =p(ok + [5(’,)]for p € Clx] and o, 3 € Z coprime;

(k, £)-integer linear
» 3q € C(k)[{] with deg;(q) < deg,(d) such that

a=SS;*(q) —q.

Corollary. d is not (k, {)-integer linear = a/d is not summable.
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Reducing individual components

%:(Sk—ﬂ(---)+(Sg—1)(---)+remainder???
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Reducing individual components

%:(Sk—ﬂ(---)+(Sg—1)(---)+remainder???

H d = plak + o)

a= (SES;“ - 1)(- : ) + remainder???
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Reducing individual components

%:(Sk—ﬂ(---)+(Sg—1)(---)+remainder???

H d = plak + o)

a= (SES;“ - 1)(- : ) + remainder???

(Sx — 1)(- : ) + Sg-remainder
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Reducing individual components

%:(Sk—ﬂ(---)+(Sg—1)(---)+remainder???

H d = plak + o)
a= (SES;“ - 1)(- : ) + remainder???

(Sx — 1)(- : ) + Sg-remainder
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Reducing individual components

SES ™
C(k, ) C(k, )
C(k, 0) — C(k, )
k
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Reducing individual components

SES ™

¢ k  C(k0) C(k, )

$o,p

10— ak Pk C(k,ﬂ)TC(k,e)
k
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Reducing individual components

SPSy ™
[ k C(k, ) ———— C(k, )

$o,p

Ble—ok Bk C(k0) ——— Clk0
k
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Reducing individual components

SES ™

¢ k  C(k0) C(k, )

d)oc,ﬁ d)o‘yﬁ

10— ak Pk C(k,ﬂ)TC(k,e)
k
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Reducing individual components

SES ™

¢ k  C(k0) C(k, )

d)oc,ﬁ /D q)“yﬁ

10— ak Pk C(k,ﬂ)TC(k,m
k

Sk 0 Gayp = Dop © SES ™
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Reducing individual components

%:(Sk—ﬂ(---)+(Sg—1)(---)+remainder???

H d = plak + o)
a= (SES;“ - 1)(- : ) + remainder???
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Reducing individual components

%:(Sk—ﬂ(---)+(Sg—1)(---)+remainder???

H d = plak + o)
a= (SES;“ - 1)(- : ) + remainder???
H Sico Pap = dap 0SS

dapla) = (Sk— ])<d)(x,[5(' : )) + Sy-remainder
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Reducing individual components

%:(Sk—ﬂ(---)—l—(Sg—U(---)+remainder???

H d = plak + o)

a= (SES;“ - 1)(- . ) + remainder???

H Sk 0 Gayp = doop 0 SES*

bapla) = (Sk— 1)(4)“’[5 ( . )) 4 r’i Abramov reduction
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Reducing individual components

% = (Sk—1)<---> +(Se—1)(---> + remainder???

Jl d = plak + L)

a=(SES[°‘—1)<~~->+-

Do © Sk =SS “ 0 b ﬂ Sk 0 bap = P 0 SES®
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Reducing individual components

%:(sk—n(---)+(se—1)(---)+-

ﬂ d =plak+ pL)

a=(SES[°‘—1)<~~->+-

Do © Sk =SS “ 0 b ﬂ Sk 0 bap = P 0 SES®
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Bivariate Abramov reduction

Let f € C(k,0).
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Bivariate Abramov reduction

Let f € C(k,0).

fZ(Sk—])(---)Jr(Se—l)(.-->JrZa—ijj

i,j i
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Bivariate Abramov reduction

Let f € C(k,{).

F= (ST )+ Se—1)(+ )+Z

di = Pi(ocik-f— Bie)

YES
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Bivariate Abramov reduction

Let f € C(k,{).

F= (ST )+ Se—1)(+ )+Z

di = Pi(ocik-f— [515)

YES

J
fzfgk_”(...)+(se_1)(...z+.\

~” remainder
summable
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Bivariate Abramov reduction

Let f € C(k,10).

F= (ST )+ Se—1)(+ )+Z

di = Pi((xik-f— [515)

YES

J
fzfgk_”(...)+(se_1)(...z+.\

~” remainder
summable

Theorem. f is summable = 1r=0.
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Telescoping via reduction

GIVEN f € C(n,k, ).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
(co(n) + -+ cp(m)SR)(F) = (S —1)(g) + (Se — ) (h).
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Key idea.
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Telescoping via reduction

GIVEN f € C(n,k, ).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
(co(n) + -+ cp(m)SR)(F) = (S —1)(g) + (Se — ) (h).

Key idea.
f:(sk_])(...)+(S(—1)(-")+

Existence of telescopers
(ChenHoulLabahnWang2016)
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Telescoping via reduction

GIVEN f € C(n,k, ).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
(co(n) + -+ cp(m)SR)(F) = (S —1)(g) + (Se — ) (h).

Key idea.

F= S () + 8=+ ) +70

sﬂ(f)=(sk_1)(...)+(ge_1)(...)+Tp
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Telescoping via reduction

GIVEN f € C(n,k, ).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
(co(n) + -+ cp(m)SR)(F) = (S —1)(g) + (Se — ) (h).

Key idea.

colm) F=(Sc—=1)(+++ ) + (Se=1) () +eolm)mo

(M) SAR) = (k=) () + (Se=1)(++) + ol
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Telescoping via reduction

GIVEN f € C(n,k, ).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
(co(n) + -+ cp(m)SR)(F) = (S —1)(g) + (Se — ) (h).

Key idea.

colm) F=(Sc—=1)(+++ ) + (Se=1) () +eolm)mo

ep(m)SAR) = (Sk= D)+ )+ (Se=1)(+++) + oy

p

(3 citms) (0= (=1 ) + (=1 () +

i=0
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Telescoping via reduction

GIVEN f € C(n,k, ).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
(co(n) + -+ cp(m)SR)(F) = (S —1)(g) + (Se — ) (h).

Key idea.

colm) F=(Sc—=1)(+++ ) + (Se=1) () +eolm)mo

ep(m)SAR) = (Sk= D)+ )+ (Se=1)(+++) + oy

p

st ) B = Sc—1 () +se—1( )+ =0
>

i=0
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Telescoping via reduction
GIVEN f € C(n, k, {).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
(co(n) + -+ +cp(m)SH)(f) = (Sk — D(g) + (S¢ — 1) (h).

Key idea.
co(n)To
+
co(m) Ty
?
=0
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Telescoping via reduction
GIVEN f € C(n,k, ).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
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Key idea.
co(n)ro+ -+ +cp(n)rp Lo
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Telescoping via reduction
GIVEN f € C(n, k, {).
FIND co,...,c, € C[n] and g,h € C(n,k,{) such that
(co(n) + -+ +cp(m)SH)(f) = (Sk — D(g) + (S¢ — 1) (h).

Key idea.
co(n)ro+ -+ +cp(n)rp Lo
U
A linear system with unknowns co(n),...,c,(n)
{
A telescoper co(n) + -+ c,(n)Sh
Remarks.

b The first linear dependency leads to a minimal telescoper.
» One can leave the certificate as an un-normalized sum.
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Example (continue)

Recall

2k —n
(k+n+Dk—-2n—-1)+n+1)

f(TL, k) B) =
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Example (continue)

Recall

2k—n

fin, ¥ ) = k+tn+N)(k—2n—1)({+n+1)

f=(Sk=1(0) +(Se—1)(0) + Bl licinl)
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Example (continue)

Recall

2k —n
(k+n+Dk—-2n—-1)+n+1)

f(TL, k) B) =

f = (S = 1){go) + (Se — 1) (ho) + =it licinl)
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Example (continue)
Recall

2k —n
(k+n+Dk—-2n—-1)+n+1)

f(Tl, k) E) =

7= (5= Digo) + 150~ (o) +{ BRI
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Example (continue)

Recall

2k—n

fin, ¥ ) = k+tn+N)(k—2n—1)({+n+1)

f = (S = 1){go) + (Se — 1) (ho) + =it licinl)

Sn(f) = (Sk— 1){g1) + (S¢ — N (hy) 4 Al 2T
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Example (continue)

Recall

2k —n
(k+n+Dk—-2n—-1)+n+1)

f(TL, k) B) =

(2k—)/((k+n+1)(k—2n—1))
4n+1

(2k—)/((k4n+1)(k—2n—1))
{4n+1
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Example (continue)

Recall

2k —n
(k+n+Dk—-2n—-1)+n+1)

f(TL, k) B) =

(2k—)/((k+n+1)(k—2n—1))
4n+1

(2k—)/((k4n+1)(k—2n—1))
{4n+1
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Example (continue)

Recall
o= qms 1)(k2—kz:1Tl Ne+n+1)
co(n) - (Zk_n)/((kettﬂ(k_zn_m
+ ¢i(n) - (Zk—n)/([ka:i:])(k—Zn—l))
=0
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Example (continue)

Recall
o= qms 1)(k2—kz:1Tl Ne+n+1)
(—1) - (Zk_n)/((kettﬂ(k_zn_m
+ 1. @k=n)/ ((kar;-l:])(k—zn—l))
=0
Huang, DLUT
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Example (continue)

Recall

2k —n
(k+n+Dk—-2n—-1)+n+1)

f(TL, k) E) =

Therefore,

b a minimal telescoper for f is

LZ]'Sn‘i‘(*]);
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Example (continue)

Recall

2k —n
(k+n+Dk—-2n—-1)+n+1)

f(TL, k) E) =

Therefore,

b a minimal telescoper for f is
b a corresponding certificate is

1. (g])h1)+ (*]) : (90>h0)

_(_ k2+(2n+2)k—8n2—19n—11 2k—1n—1
- (k+n+1)(k—2n—2)(k—2n—3)({+n+1)> (k+n+2)(k—2n—3)({+n+1) } *
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Timing (in seconds)
Test suite:
a(n,k, )
d(TL, k) e) . d(TL + (t—n k'a ﬁ)

f(TL, k) m =

with
b d=Pi(Ek —n, &L+ (n) - Po(Cn + Ek + 2&0),
b deg(a) =m, deg(P;) =deg(P2) =n, &, € Z.

(m,n, &, ) | RCT+cert RCT | order
(1,1,1,1) 0.196 | 0.098 1
(1,1, 1,5) 7319 | 0112 | 1
(1,1,1,9) | 105548 | 0123 | 1
(1,1,1,3) 0.574 | 0.098 1
(1,2,1,3) 17.812 0.258 1
(1,3, 1,3) 266.206 | 2.008 1
(1,4,1,3) 2838.827 | 37.052 1
(3.2,1,3) 710.810 | 0.480 3
(3.2,2,3) 1314.809 | 0.751 6
(3,2,4,3) | 1558.440 | 1528 | 12
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Benchmark

HolonomicFunctions. A Mathematica package by Koutschan.
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Benchmark

HolonomicFunctions. A Mathematica package by Koutschan.
» CreativeTelescoping: Chyzak's algorithm (2000)

» FindCreativeTelescoping: Koutschan's approach (2010)
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Benchmark
HolonomicFunctions. A Mathematica package by Koutschan.
» CreativeTelescoping: Chyzak's algorithm (2000)
» FindCreativeTelescoping: Koutschan's approach (2010)

Example.
fn,k, t) = (20n75k7/273)(ZOnfSkf/Zfll;)%Sn+k+2€+3)(5n+k+22+8) .
Timing
RCT + cert ~ 30s
CreativeTelescoping =~ 3min
FindCreativeTelescoping -
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Summary

» Results.

» A new bivariate reduction for rational functions

» A new approach to trivariate rational creative telescoping
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Summary

» Results.

» A new bivariate reduction for rational functions

» A new approach to trivariate rational creative telescoping

» Future work.

» Handle four or more variables

» Handle trivariate hypergeometric terms
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