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Abstract A complete reduction on a difference field is a linear operator that enables one
to decompose an element of the field as the sum of a summable part and a remainder
such that the given element is summable if and only if the remainder is equal to
zero. In this paper, we present a complete reduction in a tower of X*-extensions that
turns to a new efficient framework for the parameterized telescoping problem. Special
instances of such X*-extensions cover iterative sums such as the harmonic numbers
and generalized versions that arise, e.g., in combinatorics, computer science or particle
physics. Moreover, we illustrate how these new ideas can be used to reduce the depth
of the given sum and provide structural theorems that connect complete reductions to
Karr’s Fundamental Theorem of symbolic summation.

1 Introduction

The telescoping problem is a fundamental paradigm in symbolic summation. Given
a sequence f(k) that belongs to some domain of sequences, decide constructively
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whether there is a g(k) in the same domain or a suitable extension such that

fk) =g(k+1)-g(k). (D
If such a solution can be derived, one obtains the identity

b
D fk) =g(b+1) - g(a)
k=a

by choosing an appropriate non-negative integer a. For instance, let

(i)

T (k+ 1)dx

2

J (k)

be a hypergeometric term? It follows from a straightforward computation that the
2
hypergeometric term g(k) = 4k(2kk) /4% satisfies (TJ), which leads to

L Ay’

n+l

n 2k
G
par (k + 1)42k 42n+2

The telescoping problem has been solved for various classes of functions including
rational functions [2]], hypergeometric terms [23[33]], and g-hypergeometric terms![29|
31]]. Karr [24} 25] introduced so-called I1X*-fields covering big classes of indefinite
nested sums and products, and provided an algorithm to solve the telescoping problem
for a given f(k) that can be defined in a I1X*-field. For example, applying Karr’s
algorithm (more precisely the corresponding implementation of the summation package
Sigma [39]147]) to |

Flh = Hy + (k+1)H?

@)

in terms of the harmonic numbers Hy = Zle %, one gets the telescoping solution
g(k) = 71— which yields the identity

n

Z -1 _n—H,—nH, 3)
 Hi+ (k+1)H; 1+ Hy+nH,
In contrast to that, for
k(k® +5k +4)H? + (kK + 4k + 1)H? — (k+ 1)?H —k = 2k> - &3
fk) = : s L @

k(l + k)2(1 + Hy + ka)Hk

these summation algorithms prove that there is no g € Q(k)(Hy) such that (I)) holds.

2 f (k) is hypergeometric (resp. g-hypergeometric) in k if f (k + 1)/f (k) = h(k) for some fixed
rational function h (k) in k (resp. g*).
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Later Karr’s algorithm was improved to refined (parameterized) telescoping algo-
rithms that can find sum representations with optimal nesting depth [41}, 40} 44, |49]]
in [1X*-fields. Furthermore, the difference field setting has been generalized to ring
versions [45, 46] involving algebraic objects like (—~1)* in which one can represent
any indefinite nested sums defined over (g—)hypergeometric products fully algorithmi-
cally. Since also the parameterized telescoping problem, a special case of Zeilberger’s
creative telescoping paradigm [50, 135} 32]] and recurrence solving [4] can be solved
in such difference fields and rings, a flexible summation machinery implemented in
the Mathematica package Sigma is available for practical problem solving. For details
on all these refinements and improvements implemented in the Mathematica package
Sigma, we refer to [39] 147].

If one fails to find a solution g(k) of (I]) for a given f (k) in a suitable domain F, as
for the expression (@) in F = Q(k)(H}), one may refine the telescoping problem to the
following additive decomposition problem: compute g(k) and r (k) in the same domain
F such that

f(k) =g(k+1) —g(k) +r(k), ®)

and r (k) is minimal in some sense. Depending on the different settings the measurement
of minimality might vary in several aspects. However, in all these cases, the following
crucial property is satisfied: f(k) is summable (i.e., the standard telescoping problem
is solvable in the given domain of summation objects) if and only if (k) is zero. Given
such a solution and summing the above equation (3)) over k from a to b yields

b b
D fk) =gb+1) - gla)+ Y. r(k); (©)
k=a k=a

in particular, if the minimal r (k) is considered as simpler than f(k), the right-hand side
yields a simplification of the left-hand side.

So far such additive decompositions are given for rational functions [3}|30]], hyperge-
ometric terms and their g-analogues [17, 21] without solving any difference equations
explicitly. They act as preprocessors in reduction-based creative telescoping. Compared
with Zeilberger’s algorithm [50} 511 [34]] for computing telescopers, reduction-based
methods can separate the computation of telescopers and certificates. Since the size
of certificates are much bigger than that of telescopers, this may lead to significant
speed-ups.

A refined construction of an additive decomposition can be given in terms of linear
algebra as follows [26] Definition 5.67].

Definition 1 Let C be a field, V a C-linear space and U a C-subspace of V. A C-linear
operator ¢ : V — V is called a complete reduction for U if f — ¢(f) e Uforall f eV
and ker(¢) = U.

Note that ¢ induces the direct sum V = U @ im(¢). In this way, a complete reduction
can be used to establish an additive decomposition [22| §1.2] by choosing appropri-
ate C-bases of U and im(¢) where im(¢) contains the non-integrable/non-summable
contributions. However, additive decompositions are usually not closed under addition,
i.e., the set of minimal non-integrable/non-summable elements do not form a subspace
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of V. For instance all the additive decompositions [3} 30} [17, 21] mentioned above
are not complete reductions. Because of the advantages that linearity offers in theory,
there has been a rapid development of complete reduction in various settings. So far
complete reductions have been developed for hyperexponential functions [7], algebraic
functions [18l[14]], fractions of differential polynomials [9], Fuchsian D-finite functions
[L6] and D-finite functions [8, [19, [15 [12]. Recently, in order to compute elementary
integrals effectively and discuss how to construct telescopers for non-D-finite functions,
complete reductions are constructed for derivatives in exponential and primitive towers
(22, 201.

A natural question is how these complete reductions can be performed in a difference
field (F, o) where F is a field, o : F — F is a field automorphism and C = {c € F |
o (c) = c} is the field of constants. A very prominent example is the field of rational
functions Q(x) equipped with the usual shift operator o(x) = x + 1 is a difference
field. In the following we denote {o(f) — f | f € F} by A(F) which forms a C-linear
subspace of F. So there is a complementary space R such that F = A(F) @ R where R
contains the non-summable elements in F. Usually, R is infinite-dimensional. Hence,
to obtain algorithmically a complete reduction ¢ : F — F for A(F), we are faced with
two tasks:

(1) fix a complementary space R;
(2) develop an algorithm that solves the following problem: given f € F, find g € F
and r € R such that f = A(g) +r.

Some first steps related to this problem have been elaborated for ITX*-extensions
in [40, 49]] where an additive decomposition (but not a complete reduction) has been
elaborated. There one could show that r is an element in the smallest possible subfield
(w.r.t. the order of the generators producing the field F'). Furthermore the degree of the
top-most generator on which r depends is optimized.

In this article we will substantially improve and refine these constructions for differ-
ence fields (F, o) that are built by a tower of X*-extensions (see Definition . More
precisely, we will provide a complete reduction method that solves the telescoping
problem and more generally the parameterized telescoping algorithm in £*-extensions,
covering creative telescoping as a special case. Typical examples of such X*-towers
are difference fields generated by harmonic numbers and their generalized harmonic
sums [3} [1]]. They play a key role in combinatorics[28 48], number theory [[10,|32] and
particle physics [6]. A key feature of our new reduction based method is that one does
not have to solve any linear difference equation by denominator/degree boundings and
rather involved linear system solving [24, 11, 135]]. In particular, one finds not only opti-
mal representations for r in () w.r.t. degrees in the top variable (as derived in [40]) but
also optimal representations of the coefficients of the polynomials given in the subfields.
As a consequence, our advanced algorithm can outperform the existing implementation
of the summation package Sigma for various classes of inputs concerning simplification
and time complexity aspects.

We continue with Example [T] which will serve as a running example in the next
sections to illustrate our algorithm to get a complete reduction in a given Z-extension.
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Example 1 Let f(k) be the same as (@). Take the rational function field F = Q(x)(¢)
and take the field automorphism o on Q(x) () canonically defined by

o(c)=c,YVceQ, okx)=x+1, and o(t)=1+ L
x+1
As it turns out, the set of constants of F, i.e., the set of elements of F' which are kept
invariant of o are precisely the rational numbers. Later we will call such a difference
field (F, o) also a tower of X*-extensions over Q; see Definitions [2] and [§] below. Note
that o acts on x and ¢ like the shift operator K on k and Hy with Kk = k + 1 and
KH; = Hi + ﬁ So the given function can be formally represented by

B x(x2+5x+ D)2 + (P +4x+ D2 — (x+ D2 —x —2x% —x
a x(1+x)2(1 +1 + 1x)t

3
f €eQM)(@®); (D

by abuse of notation we treat f as a rational function in Q(x)(#) and f(k) as the
corresponding sequence in terms of the harmonic numbers. Applying our algorithm
CompleteReduction (which can be found on page23) to f and Q(x)(z) gives
_2+xt2 t x-2 1 x-2

+ - d r=
2x x  2x3 ot and - r 2x3

g 3
such that

f=A@g)+r. ®

Since the solution forms a complete reduction (and thus also an additive decomposi-
tion) and r is nonzero, it follows that f ¢ A(Q(x)(z)). Reinterpreting (g,r) of f to
(g(k), r(k)) in terms of the harmonic numbers, equation (@) can be restated as (3), and
summing this equation over k from 1 to n leads to the identity

n (2)
_ (n+1)2(n+3) H3+(n+1) (n+7) H2 -2 (n*+3n%+3n—1) H, +2n(n+1)2 H, (3).
Zf(k) - 2(n+1)2(1+(n+1) H,,) + > - H,7y (10)
k=1
here the extra simplification
n n (2)
k-2 H 3)
S-S
3
k=1 = 2k 2
in terms of the generalized harmonic numbers H,(,O) =", llo has been applied.

More generally, our construction can be applied iteratively to a tower of X*-extensions
to handle multi-summation problems.

Example 2 We simplify the multi-sum
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To model the summand in a difference field, we take the rational function field F =
(Q(x)(t1)(2), o) with the field automorphism o : F — F defined by

(x+ 1D +1
(1+x)2

and o (c) = ¢ for all ¢ € Q; again the set of constants (i.e., the elements that are
invariant w.r.t. o) remain unchanged within the tower of extensions and thus (F, o)
forms a tower of X*-extensions over Q Then the automorphism o acts on x, tl, tp like
the shift operator K on k, Hy and Z (Hj/jwith Kk =k +1, KHy = Hy + 1 1 and

1 t
ocx)=x+1, o(t)=ti+—— and o(tr) =t +0 (—1) =t +
x+1 X

k k
Hy + H;
Y.tk
=/ + = J
So f(k) = % Zf‘:l % can be represented as f = 7 /x in F. In this setting our algorithm
yields the solution

3nn - X8 =3+ 1 1

3x3 " 3x3

(8. 7r) = D

of (9) which leads to the simplification
n

1 & H “NHe HY O OHY
Zz; =Hn ) TR (12

k=1 k=1

As observed in Karr’s Fundamental Theorem of symbolic summation [24]] and its
constructive improvements elaborated in [41} |43]], the simplification of multi-sums
depend on how well the summation objects inside of the sums are represented. Inspired
by these contributions, we show how a given tower of X*-extensions can be transformed
into a well-generated variant (see Definition [T0) in which one can reduce the number
of recursive summation quantifiers iteratively.

Example 3 We refine the construction of Example [2| and simplify each generator of
the difference field F by complete reductions first. Here we get a new difference field
F = (Q(x)(u1)(u2), o) with 0'(141) =u;+1/x and o (u) = ur + 1/2x2. As it turns out,
one can represent the summand + Z =1 Pj by

2
u U7 up 1
==+ =+ =+ —.
! x 2 x2 X3
In this improved representation, we apply our complete reduction algorithm and get the
solution (g,r) = (u3 /6 + uiuz, 1/3x%) of (@) yielding the following identity

n

Z Zk: H; H3 H,,H,(f) . 2058 13
=k J 2 3
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Compared with the right side of (T2), we managed to reduce the number of recursive
summation quantifiers from 2 to 1. The specific details are provided in Section 4}

The article is organized as follows. In Section 2] we present some basic notions
related to symbolic summation and review some dual techniques coming from linear
algebra, in preparation for the next two sections. The algorithmic construction of a
complete reduction for a given X*-monomial (a generator of a X*-extension modeling
an indefinite sum) is derived in Section[3] Applying these ideas iteratively (recursively)
yields an algorithmic approach to construct a complete reduction in a tower of X*-
extensions in Section d] We also compare our method with the built-in algorithm of
the Mathematica package Sigma, show that this new framework can be used to solve
the parameterized telescoping problem and relate complete reductions to reduced X*-
extensions which play important roles in Karr’s structural theorem. A conclusion is
given in Section[3]

2 Preliminaries

Let Z~ and N denote the sets of negative and nonnegative integers, respectively. For an
Abelian group (G, +, 0), we set G* := G \ {0}. Throughout the paper, all fields are of
characteristic zero. Let F be a field and ¢ be an indeterminate over F. For p € F|[t],
denote its leading coefficient and degree by Ic, (p) and deg, (p), respectively. Note that
Ic;(0) := Oand deg, (0) := —co. We say that p is monic withrespectto ¢ if lc; (p) = 1. For
arational function f in F(¢), we call a/b the reduced representation of f if a,b € F|t]
with ged(a, b) = 1 and b is monic with respect to . Moreover, a and b are denoted by
num( f) and den(f), respectively. If deg, (num(f)) < deg,(den(f)), we say that f is
t-proper. In particular, O is -proper. The set consisting of ¢-proper elements of F(¢) is
a linear space over F, which is denoted by F'(¢)(,-). Here the subscript ”r” stands for the
first letter of the word "rational”. Using polynomial division, each element f € F(¢)
can be uniquely written as the sum of a polynomial in ¢ and a 7-proper element denoted
by poly(f) and proper( f), respectively. Furthermore, we get the direct sum

F(1) = F[t] ® F(t)r) (14)

of F-vector spaces.

If it turns to algorithms, we assume that the field F is computable. This means that
the standard field operations in F' are computable (and thus one can apply the extended
Euclidean algorithm in F[¢] and solve linear systems in F(¢)). Furthermore, we assume
that one can factorize polynomials in E [x] over any multivariate rational function field
extension E = F(xy,...,x,) of F. Note that with our definition a rational function field
E over F is computable if F is computable.

Leto : F — F be a field automorphism. The pair (F, o) is called a difference field.
We call ¢ € F a constant if o-(c) = c¢. The set of constants Cr = {c € F | o(c¢) = ¢}
forms a subfield of F, which is called the constant field of (F, o). The forward diffrence
operator is defined by
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A F— F

foa()-f (1>
which forms a Cr-linear map and satisfies for all f, f> € F the rule
A(f1f2) = [A(f2) + A(fH) 2+ A(SDA(S). (16)

For a Cg-linear space S C F we define the summable space of S by

AS) ={o(f) - f1f €S}

which is again a Cr-linear space.

We call a difference field (F, o) computable if the field F is computable and the
function o : F — F is computable (i.e., can be executed by an algorithm).

Let (F, o) and (E, &) be two difference fields. If F is a subfield of E and & |r = o,
then (E, &) is called a difference field extension of (F, o). To introduce X*-extensions,
let F(t) be the rational function field extension of F, i.e., ¢ is transcendental over F.
Then for a given a € F, there is a unique difference field extension (F(¢), o) of (F, o)
defined by o (t) =t + a.

Definition 2 (F(¢), o) as given above is called a X*-extension of (F, o) if the set of
constants remain unchanged, i.e, Cr(;) = Cr. Then t is also called a £*-monomial over
(F, o) (or in short over F).

We heavily rely on the following result [24]); for a proof see, e.g., [45].

Theorem 1 Let (F(t), o) be a difference field extension of (F, o) as given above. Then
t is a X*-monomial over (F, ), i.e., Cr(;) = CF if and only if A(t) ¢ A(F).

In the following, we recall some notions (and properties) for the polynomials p, g €
F[t] where ¢ is a X*-monomial over (F, o).

« Ifged(p,of(p)) = 1 for any nonzero integer £, then it is said to be o"-normal; com-
pare [13} Definition 2.2]. Note that each monic irreducible polynomial with positive
degree in ¢ is o-normal by [24]; for a proof see [L1, Cor. 1] or [35, Lemma 2.2.4].

e f = Iq—’ in reduced representation is said to be o-simple if f is t-proper and q is
o-normal.

« We say that p,q € F[t] are o-coprime if ged(p,o(g)) = 1 for any nonzero
integer €. Note that the product of two o-normal and o-coprime polynomials is
o-normal.

* pand g are said to be o-equivalent if p = ca(g) for some ¢ € F* and £ € Z. If this
is the case, we also write p < g. Note that < forms an equivalence relation. Further
note that if p and ¢ are o-equivalent and p, g ¢ F then { € Z and ¢ € F* are unique:
suppose we find different £; and £, with ¢1,c, € F* such that p = ¢;0 (¢) and
p = c20%(g). Then 0@~ (q) = 7% (c2/c1)q which is not possible by [11} Cor. 1]
(i.e., there does not exist an element f € F[¢] \ F with f | o (f) for some ¢ € ZX).

Finally, we recall effective bases introduced in [20]]. They will help us to construct a
complementary space of the given linear space in a dual manner in Sections [3]and ]
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Let K be a field with a subfield E, and ® be an E-basis of K. For every 6 € 0, we
define the E-linear map 6" : K — E given the linear extension of

Lif f =6,

0°(f) =
0,if fe®and f #6.

Let 0 € © and a € K*. We call 0 effective for a if 8*(a) # 0.

Definition 3 ([20]]) The basis O is said to be effective if there are two algorithms:

(i) given a € K*, find 8 € ©® with 8*(a) # 0 (i.e., 8 is effective for a); and
(ii) given 6 € ® and a € K*, compute 0*(a).

Let K = F(t) be the field of rational functions in ¢ over the field F. Set T =
{ti |ie N} and M; to be the set consisting of all monic and irreducible polynomials
with positive degrees. By the irreducible partial fraction decomposition, we see that

li
@:TU{7|quﬁOsi<®&@LjeZ% (17
q<

is an F-basis of F(z), which is called the canonical F-basis of F(t). In our concrete
case O is effective with our assumption that F' is computable. More precisely, for the
first task, we will use a variant of Algorithm BasisElement from [20]] which takes
care that ¢ appears in 6 € © if ¢ appears in a € F(¢).

Algorithm BasisElementForSummation
Input: a € F(1)*
Output: (6,c) € ® X F* with ¢ = 6*(a)

(1) p « poly(a), r « proper(a), d « den(r)
(2) if p # 0 and deg,(p) > O then return (r%& () Ic,(p)) end if
(3) ifr #0 then

q < afactor of d in M;, m « the multiplicity of ¢ in d
h « the coeflicient of ¢~ in the g-adic expansion of r
return (1%& (W /g™ 1c,(h))

end if
(4) return (1, p)

We note that Algorithm BasisElementForSummation is nondeterministic and
choosing different ¢’s in d lead to different outputs. In practice, we choose g to be the
first member in the list of irreducible factors of d computed by a factorization algorithm.

For the second task in Definition 3| we can use Algorithm 2.6 introduced in [20]; for
completeness we repeat it here.

Algorithm Coefficient
Input: (b,0) € F(r) x©
Output: 6*(b)
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(1) p « poly(b), r « proper(b)

(2) Write 8 =tk /g™ for some k,m € N, g € M,, ged(t,q) = 1
(3) if m = 0 then return the coefficient of #* in pend if
(4) h < the coefficient of g~ in the g-adic expansion of r
(5) return the coefficient of t* in &

Both algorithms will be used in Section ] below.
Example 4 Let E = Q and

B 3 —x2
T x243x+2

f € E(x).

By the irreducible partial fraction decomposition, we have

2 1
x+1 x+2°

f=-1+

Note that poly(f) € E and proper(f) # 0.Soboth 1/(x+1) and 1/(x+2) can be chosen
as basis elements of f. If we take @ = 1/(x + 1), then 68 (f) = 2. Otherwise, if we take
f=1/(x+2),0°(f) is equal to 1. So the function BasisElementForSummation(f)
may return (<,2) or (<15, 1). In particular, we have Coefficient(f,-1;) =
2, Coefficient(f, ﬁ) = 1. An other example is Coefficient(f,x) = 0 or
Coefficient(f,1) =-1.

Let F,, = Fo(t1,12, -+ ,1,) be a field of multivariate rational functions with respect
toty,--- ,t, and let C be a subfield of Fy (later C will take over the role of the constant
field). For each i with 1 < i < n, set F; = F;_(t;). Let ®; be the F;_;-canonical basis
of F; (given in with F = F;_1 and t = ¢;) and let ® be a C-basis of Fj. It follows
that

E={001---6,10; €0;} (18)

is a C-basis of F,,, which is called the ®y-canonical basis of F,. Here we define for
0 =690, --- 0, € E the C-linear map 0" : F,, » Cby 6" = fjo---00,  o0,. For
f € F,, we define the indicator of f to be

1

ind,(f) =min{0 <i <n| feF}.

Note that any f € F,, can be written in the form f = Z&, ez €;&; with e; € C in the
®p-canonical basis E. As a consequence,

ind, (f) = max{ind, (&) | e; # 0}. 19)

Lemma 1 Let F,, be the rational function field over Fy as introduced above, let ®g be
a C-basis of Fy and take the ®y-canonical basis E of F,, given in (I8). Then for any
f € F) there is an effective 6 € E for f with ind, (f) = ind, (0). In particular, if Fy is
computable and Oy is effective, E is effective and one can compute such a 6 € E for f
together with ¢ = 0*(f) € C.
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Proof. Let f € F)X and define k = ind,(f). We show the lemma by induction (re-
cursion). If k = 0 then f € Fj and we can write f as a linear combination in the
basis ®@¢. Then take any 8 € Fj that appears in this linear combination with the coef-
ficient ¢ € C*. Note that § € Fy and thus ind,(f) = 0 = ind, (8). If the basis Qg is
effective, such a 6 and ¢ can be computed which completes the base case. If £ > 1 it
follows by the constructions in Algorithm BasisElementForSummation applied to f
and Fj_1(tx) (without claiming that one can compute the steps explicitly) that there are
6 € © given in (I7) (with F = Fy and ¢ = #;) and ¢ € Fp_; with 6*(f) = c € F;* |.
Note that Algorithm BasisElementForSummation can be executed if Fy (and thus
Fj_1) is computable. By construction ¢ € Fj_; and in the Fj_;-basis ® the element
6 € Oy occurs with the coefficient ¢ € F} |. So by the induction assumption there
exists an effective 8’ € E of ¢ with 8”*(¢) € C*; in particular, they can be computed
if Fy is computable. Thus in the representation of f in the C-basis E the coefficient of
the basis element 6 = 6’ 9 is ¢’, i.e., " (f) = 0" (6*(f)) = 8"*(c) = ¢’. By construction
ind, (f) = ind, (6’0) = ind, (0) = k, which proves the lemma. O

3 Complete Reductions in a X*-extension

We start with the following definition.

Definition 4 Let (F, o) be a difference field with constant field C. We call (g, r) € F?
a X-pairof f € Fif f = A(g) +r. Let V be a C-subspace of F such that A(V) c V
and let ¢ : V — V be a complete reduction for A(V) on V (see Definition . In short,
we will also say that ¢ is a complete reduction of A(V) on V. Furthermore, we say that
V is ¢-computable, if there is an algorithm which computes for given f € V a Z-pair
(g,0(f)) e VZof f,ie.,

f=A0g) +o(f).

We call ¢(f) the ¢-remainder (or non-summable part w.r.t. ¢) of fin F.IfV = F is
¢-computable, we also say that (F, o) is ¢-computable.

Throughout this article we exploit the property that a complete reduction ¢ is idem-
potent: for all f € V, ¢(¢(f)) = ¢(f). Before we present algorithms to compute a
complete reduction for a £*-monomial (and later for a tower of such extensions), we
start with the following motivation in the context of additive decompositions. Suppose
that we succeed in computing a X-pair (g,r) for f € F in a given difference field
(F, o) with r = ¢(f) w.r.t. a complete reduction ¢ of A(F). Reinterpreting f, f and
g as sequences f(k), f'(k) and g(k) in terms of summation objects, one gets (3) and
summing this equation k from a to b yields (6). Since r = ¢(f) ¢ A(F), the sum on
the left-hand side of (@) is not summable in F. This relation can be also connected to
the following corollary.

Corollary 1 Let (F, o) be a difference field and ¢ be a complete reduction of A(F)
on F. Let (F(t),0) be the difference field extension of (F, o) with t transcendental
over Fand A(t) = f € F*. Thent is a X*-monomial over (F, o) ifand only if ¢ (f) # 0.
If this is the case, there exists also a ¥*-monomial s over (F, o) with A(s) = ¢(f).
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Proof. Note that ¢(f) ¢ A(F) and thus ¢(F) N A(F) = {0}. Thus both statements
follow by Theorem I} O

Loosely speaking, the sum on the left-hand side (6) establishes a ~*-monomial ¢
over (F, o) with A(¢t) = f if and only if the sum on the right-hand side is represented
by a X*-monomial s over (F, o) with A(s) = r. Since r is usually simpler than the
given f € F*, the *-monomial s turns out to be more suitable for the design of an
appropriate tower of X*-extensions; these aspects will be explored further in Section4.3
below.

In the following, we let (F, o) be a difference field with constant field C and ¢ be a
>* monomial over F with A(t) = a € F. In addition, we assume that

1. (F, o) is computable and ¢-computable for an explicitly given complete reduction
¢ : F — F for A(F);

2. F has an effective C-basis O;

3. one can solve the shift-problem in F[¢]; see Problem SE below.

With these algorithmic assumptions we will show in Theorem[2]below that (F(r), o) is
¢’-computable for an explicitly given complete reduction ¢’ : F(t) — F(t) for A(F(t)).
More precisely, we will decompose F(7) to the direct sum (I4)) with the proper rational
part F'(¢)(, and the polynomial part F[¢] utilizing the following property.

Lemma 2 A(F[t]) and A(F(t)(y)) are C-subspaces of F[t] and F(t),y, respectively.

Proof. Since o (t) =t +a with a € F, o preserves the degree of every polynomial in 7,
we have A(F[t]) c F[t] and A(F(t)y) € F(t)(r). Since A(F[¢t]) and A(F(t)(,)) are
closed under addition and multiplication with elements of C, they form subspaces of
F[t] and F(t)(,), respectively. O

We will construct complete reductions for A(F()(,)) on F(t)(,) and for A(F[¢]) on
A(F[f]) in Sections [3.1] and respectively. Combining them, a complete reduction
for A(F (1)) on F(r) is given in Section[3.3]

Example 5 (Cont. Ex.[I)) In the following subsections we will exemplify this tactic for
the summand f € Q(x)(¢) given in (7). Therefore, as a first step, we compute by
polynomial division the splits

(2 +4x+ D)t = (1 +x)12
x(1 +x)?

fi = proper(f) = and f =poly(f) =

(42 +1
(20)

3.1 A complete reduction for proper rational functions

In this subsection, we generalize the additive decomposition [3]] of proper rational
functions in C(x) with o-(x) = x + 1 to general X*-extensions. Here we will streamline
and adapt the additive decomposition given in [40] to obtain a complete reduction.
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We start with the following observation; the result follows immediately by [11}
Cor. 4]; see also [40, Lemma 5.1].

Lemma 3 Let h € F(t)(,) be o-simple and assume that h € A(F(t)). Then h = 0.

The above lemma suggests to reduce proper rational functions to alternative repre-
sentations where the denominator is o-normal. Here we will use the following lemma;
compare [40, Theorem 5.1(1)].

Lemma4 Let v,p € F[t] with deg,(v) < deg,(p) and ¢ € Z. Then there exists a
g € F(t)(y) such that

o (v)
=A(g) + .
{)( )
Proof. If £ > 0, we take g = Zl . ;ff ,((U)) Otherwise, if £ < 0, we take g to be
St - o_af'i,.(é);) . The desired result follows by a simple check. m|

Note that two monic irreducible polynomials p,q € F[t] are o-equivalent (i.e.,
p < q) if there is a unique k € Z such that c*(p) = ¢. To turn our constructions below
to algorithmic versions, we assume that this &, in case it exists, can be computed.

Problem SE (Shift Equivalence) in F|[f]. Given a X*-monomial ¢ over (F, o)
and irreducible monic polynomials p, g € F[t]. Decide if p and g are shift-equivalent.
If yes, return the unique k € Z such that o (p) = ¢

Remark 1 In the simplest case with F = C and o (#) = ¢ + 1, we can solve the above
problem by comparing the coefficients of p and ¢, or compute the resultant R of p(t)
and ¢(r + z) with respect to z. If R(z) has an integer root k, then it satisfies % (p) =
Otherwise, p and ¢ are shift-inequivalent. For the general case of I[IX*-extensions, we
refer to [[24, Theorem 4] or [27, §3.1].

By using this equivalence relation, one can now refine a complete factorization

f=nne
with monic irreducible pairwise coprime polynomials f; € F[¢] and n; € N*. Namely,
one may pick among fi,..., f, a subset T = {py,..., ps} which are pairwise o-

coprime and where all other irreducible factors in f are o-equivalent to 7. This will
lead to Karr’s o--factorization [24), Definition 23]:

f= ﬁ ol ()™ ]U—[ ol (ps)™s 1)

J=uy J=us

with m; ; € N. Note that such a o-factorization can be computed explicitly if F
is computable and one can solve Problem SE in F[¢]. We further remark that this
construction is closely related to the greatest factorial factorization introduced in [30].

For convenience, we will introduce the following notation. Let p be a nonzero
polynomial in F[¢] and @ = Y¢_, m;o' € N[o,o~!], we write
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pe = ﬁ o' (p)™

i=u

Then we can write (ZI)) in the compact form
F=ppg e, @)

where «; = Zj'i:u,- m; jo’ € N[o, o]

We remark that the o-factorization is unique up to o-equivalent factors in

{p1,....ps}. E.g., taking {q1, ..., q,} with g; = 07 (p;) with [; € Z, one gets
f=d"q? b
with B; = oli - a; = Zl;f:ui m; jo /i e N[o, o71].

In our construction below it will be essential that also the elements for T are fixed. To
accomplish this task, we let M; be the set consisting of all monic irreducible polynomials
with positive degrees in F[¢] and fix a set S € M, of representatives of the equivalence
classes induced by <; the definition of < is given by the last paragraph on page 5. It
follows that elements in § are pairwise o--coprime and for any g € M, there is a unique
k € Z and p € S such that c*(p) = ¢. In particular, any o-factorization of f € F[r]
can be given in the form (22) where p1,...,p, € S.

With this preparation we define the set of quotients whose denominators are built by
factors of S:

Us = { = € F(t)(r) | pi € Sand m; € Ny . (23)
pl --ap[

Note that each element in Ug is o-simple, i.e., the denominators are o-normal. Further-
more, we observe that Ug is a C-linear space because any finite product of o-normal
polynomials that are mutually o-coprime is still o-normal. We can now state the fol-
lowing result; compare [40, Thm. 5.1].

Proposition 1 We have
F(t) ) = A(F(1)(r)) ® Us.

In particular, for any f € F(t)(), there exist g € F(t)) and h € Us with
deg, (den(h)) < deg, (den(f)) such that

f=A(g) +h, (24)

and there is a complete reduction ¢s for A(F (1)) on F(t)y with ¢s(f) = h.
If (F, o) is computable and one can solve Problem SE in F|[t], such g and h can be
computed and F (1)) is ¢s-computable.

Proof. Let 22) be a o-factorization of the denominator of f € F(r)() with
Pi,--.,Ps € S; as remarked above, it can be computed if one can solve Problem SE
in F[t]. Since ¢ is a X*-monomial over F, all irreducible polynomials in F[¢] are
o-normal, which implies that o7 (p] /) are pairwise coprime for all #, j. So by the



Telescoping Algorithms for 2*-Extensions via Complete Reductions 15

extended Euclidean algorithm,

/= S ifi,p

i=1 j=u;

where f; ; = v; j/oi (p]"’) for some v; ; € F[t] with deg, (v; ;) < m; ;deg,(p;).
Applying Lemmad]to each f; ;, there is a g; ; € F()(,) such that

o (v; )

pi™i-i

fij=A(gij)+

Summing up all the equations, we obtain f = A(g) + h for some g € F(t)( and
h € Us with deg,(den(h)) < deg,(den(f)). Furthermore, it implies that F(¢),) =
A(F (1)) +Us. It follows from LemmathatA(F((t)(r))ﬂUs = {0} which establishes
the direct sum F(t),) = A(F(¢)(r)) ® Us. Summarizing, we get a complete reduction
¢s : F(t)y — F(t)() for A(F(t)y) which maps f to . Furthermore, if (F, o) is
computable and one can solve Problem SE in F[¢], such g and & can be computed and
thus : F(t)(,) is ¢s-computable. O

We remark that for (C(x), o) with o-(x) = x + 1 we have that Cc(,) = C,ie,xisa
X*-monomial over C. Since A(C[x]) = C[x], Proposition [I]leads to the following well
known special case [3].

Corollary 2 For the rational difference field (C(x), o) with o-(x) = x + 1 we have
C(x) =A(C(x)) ® Us.

Remark 2 In general, one may fix the infinite set S for F[¢] a priori. More practically
oriented, one may start with § = @) and adjoin stepwise new elements. More precisely,
if an irreducible monic factor ¢ € M, arises in our constructions below, one checks if
there isa p € S and k € Z with c*(p) = ¢ by solving Problem SE. If this is not the
case, one adjoins p to S (or any other factor o/ (¢) with £ € Z) and proceeds.

The proof of Proposition [[]and Remark [2]lead to the following algorithm.

Algorithm ReductionForProperRationalFunctions

Input: a X*-monomial ¢ over (F, o) in which one can solve Problem SE; f € F ().
From outside accessible: a finite set S C M, whose elements are pairwise o-coprime.
Output: (g, h) € F(t)(r) X Us such that (24) holds.

(1) Compute a o-factorization p|" - - - pg* of den(f).
(2) fori from1 to s do

Determine whether there exist p € S and £ € Z such that p; = o (p)
If yes, update p; to be p, and a; to be o’ - a;, otherwise, append p; to S

end do
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(3) Compute the partial fraction decomposition (using, e.g., the extended Euclidean

algorithm)
s Ui
f= Z Z fij

i=1 j=u;

where f; ; = v; ; /ol (p]"') with deg, (v; ;) < m;; deg, (p;)
(4) For each f; ;, apply Lemma|to find g; ; € F(z) and ; ; € F[r] such that

Ui, j
fij=Aij) + =iz
o

i

(5) g — iy X0, 8o b= Ty X, B g/pi
(6) return (g, h)

Example 6 (Cont. Ex.[5) Let F = Q(x) with the shift operator o"(x) = x + 1 and ¢ be a
X*-monomial over (F, o) with o(r) =t + 1/(x + 1). We continue with Example [5|and
take

fi= € F(t)r;

(x+ 12+t
note that f] represents the summand f (k) in (@).
Executing ReductionForProperRationalFunctions(F(¢), fi) with S = 0 we pro-
ceed as follows. We get num(f;) = —1/(x + 1) and den(f;) = #> + ¢/(x + 1). Further
we compute a o-factorization, say to(t), of den(f1). Thus we set S = {¢}. Next, we
find the partial fraction decomposition of fj as 1/t — 1/0(¢). Applying Lemma [4] to
1/o(t) and 1/t, we obtain f; = A(1/t). Hence fi is summable in F(¢),). In particular,
we return (g1, h1) = (1/¢,0). In particular, we obtain the solution g(k) = HLk of () for
f (k) which delivers the identity (3) from the introduction.

3.2 A complete reduction for polynomials

In Section we have established a complete reduction for the subspace A(F(¢)(,))
summarized in Proposition[I} In this subsection we will focus on constructing algorith-
mically a C-linear subspace V such that F[¢] = A(F[¢]) @ V. This will yield the desired
result

F(t) =im(A) ® (Us + V).

Utilizing new techniques from [20](see, e.g., Section 3 therein) for differential fields
and extracting ideas from [40] (see, e.g., Lemma 4.3 therein) for difference fields we
will proceed as follows:

1. Construct an auxiliary subspace A such that F[¢] = A(F[t]) + A.
2. Compute a basis of A(F[t]) N A.
3. Fix a complementary subspace of A(F[¢]) N A contained in A.

For step 1 we define the C-subspace
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A=Pim(g) -7

ieN

of F[t] called the auxiliary subspace for A(F[t]) in F[t].
The lemma given below reduces a polynomial in F[t] to A modulo A(F[¢]). In other
words, each coeflicient of a polynomial in F[¢] is reduced to a ¢-remainder.

Proposition 2 We have
F[t] = A(F[t]) + A.

In particular, for p € F[t] with deg,(p) = d, there exist g € F[t] with deg,(q) < d
and r € A with deg,(r) < d such that
p=A(q) +r. (25)

If (F, o) is computable and ¢-computable, such q and r can be computed.

Proof. We proceed by induction on d. If d = 0, there are ¢ € F and r € im(¢) such
that p = A(g) + r by assumption.

Assume that the proposition holds for d — 1 with d > 0. Set p, to be the leading
coefficient of p. By the assumption again, there is a X-pair (qq, rq) of pg with rg =
#(pa). It follows from (I6) that

A(gat?) = A(ga)t? + Aga)A(t?) + qaA(1?).

Note that A(t?) € F[t] is of degree less than d and A(¢) is a monic linear polynomial
in 7. So A(gat?) = A(gq)t? + lower terms. Thus
P =Pd 14 + lower terms

= (A(gqq) + rd)td + lower terms

= A(ga)t? + rqt? + lower terms

= A(gat?) + rqt? + lower terms,
ie., p = A(qat?) + rat? + p for some p € F[t] with deg,(p) < d. By the induction
hypothesis, there are § € F[t] with deg,(§) < d and 7 € A with deg,(7) < d such

that 5 = A(g) + 7. Consequently, the conclusion follows by setting ¢ = g4t + § and
r =rqt¢ + 7, and observing that

A(Q)+r = A(qq t9+G)+rq 1947 = A(qq t9)+rq t94(A(§)+7) = A(gq tD)+rqg t9+p = p.

In particular, if (F, o) is computable and ¢-computable, the above construction can be
carried out explicitly. O

The underlying algorithm of Proposition[2]can be given as follows.

Algorithm AuxiliaryReduction

Input: a X*-monomial ¢ over (F, o) which is computable and ¢-computable, i.e.,
there is an algorithm CompleteReduction that computes X-pairs in (F, o) w.r.t. ¢;
p € F[t]
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Output: (g,r) € F[t] x A such that 25) holds

) pe—p,g—0,r0
(2) while p # 0do

(d, pa) — (deg,(p),lc:(p))
compute a X-pair (g4, r4) of pg w.r.t. ¢ by executing
Algorithm CompleteReduction in (F, o).
(¢, 1) — (g +qat?,r +rar?)
pe—p—Agat!)—rqt?
end do
(3) return(q, r)

Example 7 (Cont. Ex.[5) Let F and t be given as in Example [6] and take the shift-
equivalence relation < on the set of monic irreducible polynomials in Q[x]: p < ¢ if
and only if o*(p) = ¢ for some k € Z. By Corollary there is a complete reduction ¢
for A(F) on F, and

. a
im(¢) = {ﬁ € QX)) | pi € So andm; € N},
pl ."pf

where Sy is a set of representatives of < in Q[x]. In particular, (Q(x), o) is ¢-
computable. Here we suppose that x € Sy, i.e., x represents the class of all elements
that are o-equivalent to x. We apply the algorithm AuxiliaryReduction to

1 2 X2 +4x+1
- P+
x(1+x) x(1+x)?2

p= 1€ Ft];

note that p equals the polynomial split f> given in Example[5} The result is

21 1
gq=——-—€F[t] and r=—-—-—€A (26)
x  x x X

such that p = A(q) +r.
We proceed with step 2 and are going to construct a C-basis of A(F (1)) N A.
Lemma 5 Let 0 # p € A(F[t]) N A. ThenIc,(p) = c¢(A(t)) for some ¢ € C*.

Proof. Since 0 # p € A(F[t])*, there exists a ¢ € F[t] such that p = A(gq). Let
deg,(p) = d > 0. Then deg,(q) < d + 1 by [24, Theorem 14]. Write g as gg4 114 +
-+ -+ qo, where g; € F. By a straightforward computation, we have

d+1

P = Agae)t + (A (d + 1) (gas) + A(ga))t? + lower terms.

Furthermore, g4+1 = ¢ for some ¢ € C because deg,(p) = d. Note that Ic,(p) =
c(d+ 1)A(t) + A(gq) # 0. Since p € A, Ic;(p) € im(¢). Applying ¢ to both sides and
using the fact that ¢ is idempotent it follows that
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le;(p) = ¢(Iei (p)) = ¢(c(d+1)A(1)+A(ga)) = c(d+1)P(A(1))+¢(A(ga)) = CH(A(1))
with ¢ = ¢(d + 1) € C. Since Ic;(p) # 0, ¢ € C*. O

As it turns out, ¢(A(r)) arising in Lemma[5|will be crucial. More precisely, we need
the following tuple.

Definition 5 A X-pair (g;, #(A(¢))) of A(¢) in F is called a first pair associated to F(t).

Note that such a first pair (g;, ¢(A(?))) associated to F(¢) is not unique. More
precisely, also (g; + ¢, ¢(A(t))) with ¢ € C is a first pair. For the second component the
following property holds.

Lemma 6 ¢(A(1)) € F* N A(F|[t]).

Proof. By Theorem [I} A(f) ¢ A(F). Thus ¢(A(r)) € F*. Furthermore, A(f)
¢(A(2)) + A(g) for some g € F. Thus ¢(A(t)) = A(t — g) and hence ¢(A(z))
F* N A(F[1)]).

Om |l

With the help of a first pair, a C-basis of the intersection can be constructed. For this
task we start with the following lemma.

Proposition 3 Let (g;, ¢(A(2))) be a first pair associated to F(t). Then there exist

el .
— gt + lower terms, i € N

w; =

i+1
such that B := {A(w;) | i € N} is a C-basis of A(F[t]) N A. Moreover, deg, (A(w;)) =i
and the leading coefficient of A(w;) is ¢(A(t)) for each i € N.

Proof. Recall that A(t) = o(t) —t = a. Fori € N, we have

il . t+q)it! — il . )
(Fp - o) = Y - s - )

_ (i +1)ar' +lower terms
B i+1

= (A(t) = A(g:)t' +i; for some ; € F[t] with deg, (;) < i
= p(AN)) + ;.

— ((o(gs) — g)t" + lower terms)

It follows from Proposition [2] that there exist a ¢; € F[t] with deg,(g;) < i and an
r; € A with deg, (r;) < i such that @; = A(g;) + r;. So

i+1
A ( L i q,-) = ¢(A(D))1 +ry. (27)
i+1
N——

By Lemma@ d(A())t # 0. Thus deg(A(w;)) = i and Ic; (A(w;)) = ¢(A(2)). Since
both ¢(A(2))t' and r; belong to A, we have A(w;) € A. Thus B = {A(w;) | i € N}
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is contained in / := A(F[t]) N A. Moreover, B is a C-linear independent set because
A(wy;) is of degree i for each i € N. Finally, we will show that B spans /. Assume that
q € I with g # 0. By Lemma Ic;(q) = c¢(A(z)) for some ¢ € C*. Let d = deg,(q)
and § = g — cA(wg). Then ¢ € I with deg,(§) < d. By induction on d, we conclude
that ¢ can be expressed as a C-linear combination of the elements in B. O

We call B given in Proposition [3| an echelon basis of A(F[t]) N A induced by a
first-pair (g;, ¢(A(z))). Furthermore, looking at the proof of Proposition |3| we obtain
the following algorithm to compute such an echelon basis.

Algorithm EchelonBasis

Input: k € N; a X*-monomial 7 over (F, ") which is computable and ¢-computable;
a first pair (g;,v) with v = ¢(A(¢)) associated to F(¢)

Output: alist L = [(wo, bo), - , (wk, br)], where b; = A(w;) and w; is given in
(DL« [(1-gr,v)]
(2) fori from1 to k do

a—t*)(i+1)—git', @« Ala) —vt’

(g,r) « AuxiliaryReduction(F, )

(w,b) « (a—gq, vt' +7r)

L « the list obtained by appending (w, b) to L

end do
(3) return L

Example 8 Let F(t) be the same as Example@ A first pair associated to F(¢) is (%, % .
Applying the algorithm with this first pair and k = 1 returns the first 2 elements of the
echelon basis of A(F[t]) N A:

1 t 1
by = — d by=--—.
0= % an T2

The above algorithm also computes the corresponding pre-images:

= +—.
2 x  2x2

In the last step we define a complementary space of A(F[t]) to represent elements
in the desired decomposition. For this final step we introduce the following subspace of
A. Here we suppose that © is a C-basis of F.

Definition 6 For § € © we define the 0-complement of A(F[t]) in F[¢t] by
Vo = @ (im(g) Nker(6"))r’ € A. (28)
ieN

Proposition 4 Let 0 € © be effective for ¢(A(t)) and let Vg be the 6-complement of
A(F[t]) in F[t]. Then A = (A(F[t]) N A) & Vg and
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F[f] = A(F[1]) ® Ve. (29)

In particular, for p € F[t] with deg,(p) = d, there are q € F|[t] and v € Vg with
deg(v) < d such that
p =A(q) +v. (30)

Further, there is a complete-reduction ¢ g for A(F[t]) on F[t] with ¢¢(f) = v.
If (F, o) is computable and ¢-computable, such q and v can be computed and F [t] is
P g-computable.

Proof. Let (g;, #(A(2))) be a first pair associated to F(¢). First we show that A =
(A(F[t]) N A) + Vy. Since Vy is contained in A, we have (A(F[t]) N A) +Vy C A.
Conversely, let p € A with p # 0. Write p as pgt¢ + --- + po, where p; € F with
pa #0. Let

B={A(w;) | i e N} (€2))

be the echelon basis induced by (g;, #(A(z))) of the intersection A(F[t]) N A given in
Proposition[3} Set ¢ = 6*(p4)/0*(¢(A(1))) € Cand r = p — cA (wg) . Then

r=(pa—cop(A@) 14 +F
———

=rd

with 7 € F[t] where deg,(7) < d. Note that py, #(A(t)) € im(¢). So r4 € im(¢).
Furthermore

0" (pa)
6*(¢(A(1)))

Thus r4 € im(¢) N ker(6*). On the other hand, 7 € A because p, A (wy) ,rqt? € A.
The conclusion follows by induction on d. Namely, suppose that we get v” € Vg and
q’ € F|[t] such that 7 = v’ + A(q’) where A(q’) € A; for the base case 7 = 0 this
holds trivially. Now define v = r4t? + v’ € F[t] and ¢ = cwg + g’ € F[t]. Note that
deg(v) < d (rgy might be 0) and v € Vy since rg € im(¢) Nker(6*) and v’ € Vy. Further
note that A(q) € A since A(q’), A(wg) € A. Thus with

0" (ra) = 0" (pa) — c0"(¢(A(1))) = 6" (pa) - 0" (¢(A(1))) = 0.

V+A(Q) =rqt?+ 0 + Alcwg +q)
=cAwyg) + (rat* +v' + A(q"))
= cAwy) + (rg t* +7)
=cA(wg)+r=p

we conclude that p € (A(F[t]) N A) + V.

Next, we prove (A(F[t]) N A) N Vg = {0}. Suppose the contrary and take p €
(A(F[t])NA)NVy = A(F[t]) N Vg with p # 0. Then p € A(F[¢t]) N A, which implies
that p = Zflzo ¢;A(w;) for some ¢; € C with ¢q # 0 by Proposition Since p € Vy,
we have that Ic; (p) € ker(6*) and thus 6*(Ic,(p)) = 0. By Proposition [3] we have that
deg, (A(wq)) = d and Ie,; (A(wq)) = ¢(A(1)). Sole,(p) = calei(A(wa)) = ca p(A(2)).
Thus 6% (Ic; (p)) = cq 6" (¢(A(r))) # 0 since 6 is effective for ¢(A(t)), a contradiction.
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Thus (A(F[t]) N A) N Vg = {0} which implies that A = (A(F[t]) N A) & V.

By Proposition2Jand A = (A(F[t]) N A) + Vg, we have F[t] = A(F[t]) + Vg. Further-
more, A(F[t]) N Vy € A(F[t]) N Vg N A = {0} which implies the direct sum (29).
Now let p’ € F[t] with deg,(p’) = d. Then by Proposition 2| we get p € A with
deg,(p) < d and q’ € F[t] such that p’ = A(q’) + p. By the construction above we
obtain v € Vy with deg,(v) < d and g € F[t] such that p = A(q) + v. This gives
p'=A(q")+p =A(q")+A(q) +v=A(G) +vwith § = g + g’ € F[t] which proves the
statement in (30).

If (F, o) is computable and ¢-computable, the first pair (g;, ¢(A(¢)) and the first d + 1
basis elements of the echelon basis B induced by the first pair can be computed with
Algorithm EchelonBasis. Moreover, Algorithm AuxiliaryReduction is applicable
to compute p and ¢’. Hence also the constructions for v and ¢ can be carried out. We
refer to Algorithm ReductionForPolynomials for a detailed summary. O

For the construction above one has to fix (among different possible choices) an
effective 6 € ® to define the §-complement Vy. This motivates the following definition.

Definition 7 Let § € © be effective for ¢(A(r)) and ¢ = 0*(¢(A(t))) € C*. Then (6, ¢)
is called a second pair associated to F(t).

We remark that such a pair can be computed if ® is effective by executing Algorithm
BasisElementForSummation. We note further that the proof of Proposition 4] is
independent of the choice of the first-pair (g; + ¢, ¢(A(t))) for some ¢ € C. More
precisely, one might get another echelon basis (3I)) by using a different first pair.
However, the result of ¢ and v is invariant of this choice: for any other X-pair (g’,v’) €
F[t] xVy of p € F[t] we have that v = v” and g — ¢’ € C. Later the above construction
will be applied several times for different inputs p € F[¢]. For efficiency reasons we
will therefore also fix a first pair for a given X*-monomial. In this way, we can reuse
the already derived basis elements from Algorithm EcholonBasis when we run again
in a problem to compute a complete reduction for A(F[z]) on F[¢] (coming, e.g., from
recursive calls).

Summarizing, we can extract from the proof of Propositionfd]the following algorithm
where we fix the first and second pairs associated to F(¢) accordingly.
Algorithm ReductionForPolynomials
Input: a X*-monomial z over (F, o) which is computable and ¢-computable; p € F|[¢].
From outside accessible: first and second pairs (g;, ¢(A(¢))), (6, ¢) associated to F(¢).
Output: (¢, v) € F[t] X Vg such that p = A(g) +v
(1) (g, r) « AuxiliaryReduction(F(¢), p)
(2) ve—r,d «deg,(r)

(3) L « EchelonBasis(d, F(t), (g:, ¢(A(2))))
(4) fori fromd+1to1ldo

a « the coefficient of #/~! in v, ¢ « 6*(a)
(w,b) « Lli]
ge—q+cléw, ve—v-cléb
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end do
(5) return (g,v)

Example 9 (Cont. Ex.[7) For the X*-monomial 7 over (F, o) and r given in Example|[6]
we take the first-pair (1/x, 1/x) associated to F(z). So 1/x is the only effective element
in ¢(A(t)). Thus as the second pair we can choose (1/x, 1). Now we reduce p from
Example [7] to the 6-complement. We have already derived the decomposition p =
A(q) +r, where ¢ = t*/x — 1/x* and r = t/x — 1/x> € A; compare (Z6). Since
deg,(r) = 1, we only need the first two elements of the echelon basis which have been
derived in Example Finally we project r to V. The result is » = A(w;) + v, where w

is given in Example ﬁ and v = 2]7 - % € Vy. It follows that p = A(q + wy) +v.

3.3 A complete reduction for rational functions

Combining Sections[3.1]and [3.2] we obtain a complete reduction for A(F(z)).

Theorem 2 Let t be a *-monomial over (F, o) and suppose that there is a complete
reduction ¢ for A(F) on F. Let © be a C-basis of F and 0 € © be effective for $(A(t)).
Furthermore, let S be a set of representatives of the equivalence classes induced by <
on M. Then there is a complete reduction (s g for A(F(t)) on F(t) which establishes
the direct sum

F(t) =A(F(t)) ® Us ® Vy, (32)

where Us and Vg are given in and [28)), respectively.
If (F, o) is computable and ¢-computable and one can solve Problem SE in F [t], then
(F(t),0) is Y (s,9)-computable.

Proof. F(t) can be written as the direct sum of F[¢] and F(¢)(,). By Proposition E],
we have F(t)) = A(F(t)(+)) ® Us. On the other hand, Proposition 4| implies that
F[t] = A(F[t]) ® Vg. So F(t) = A(F[t]) ® A(F(t)()) ® Us ® Vy. Consequently,
F(t) = A(F(t)) ® Us ® Vy. Furthermore, take f € F(t) and let fi € F(t)(,) and f> €
F[t] with f = fi + f>. Then there exist g € F(¢)(,) and h € Us such that f; = A(g) +h
by Proposition [I} and there exist ¢ € F[f] and v € Vy such that f, = A(q) + v by
Proposition[d] This yields f = fi+ f» = h+v+A(g’) withg’ = g+¢ € F(t) and defines
the complete reduction (s ¢y for A(F(¢)) on F(t) with ¢ (5.¢)(f) = h+v € Uy ® Vy.
Finally, if (F, o) is computable and ¢-computable and one can solve Problem SE in F [¢],
then g’, 4 and v can be computed explicitly and (F(¢), o) is ¢ (s, 9)-computable. O

The algorithmic version of the theorem can be summarized as follows.

Algorithm CompleteReduction

Input: a X*-monomial ¢ over (F, o) which is computable, ¢-computable and where
Problem SE is solvable in F[t]; p € F[t].

From outside accessible: a first and second pair (g;, ¢$(A(¢))) and (0, ¢) associated to
F(t) and a finite set S C M, whose elements are o-coprime.

Output: (g, r) € K(t) X (Us ® Vy) such that f = A(g) +r
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(1) fi « proper(f) f2 < poly(f)

(2) (g, h) <« ReductionForProperRationalFunctions(F(¢), f)
(3) (¢,v) < ReductionForPolynomials(F(?), f2)

(4) return (g+q,h+v)

Example 10 (Cont. Ex. [6] and [9) Combining all the construction steps above, we can
now complete the calculation that leads to the identity given in (I0). We start with the
summand f (k) given in (). Taking the difference field (F, o) and the £*-monomial ¢
over F as given in Example[6]we can represent f (k) by (7). As carried out in Example[3]
we get the splits into the proper rational and polynomial parts given in (20). Next,
we compute the complete reductions for both components. By Example [6] we find
fi = A(1/t), which, together with Example[9] implies that

2+x , t x-2 1 x—=2

f=A 2xt )—C+ 73 +?+2x3 (33)
N——
=g =r

where g € F(r) and r € Vy. Using this Z-pair (g, r) for f (compare (8)) we proceed as
in Example[I]and end up at the simplification given in (I0).

We note that (s g)|[F # ¢. This observation is implied by the simple fact that
A(t) € Fand A(t) € A(F),ie., ¢(A(t)) # 0,but A(r) € A(F(2)),i.e,¥(s,0)(A()) = 0.
However ¢ and (s, ¢) are closely related as carried out in the next corollary. The
specialization to polynomials in statement (2) will be used in Corollary [7]below.

Corollary 3 Let ¢ : F — F be a complete reduction for A(F), (0, c) be a second pair
associated to F(t) and (s ¢) be the complete reduction given in Theorem Then

1. For every f € F, we have that Y s o)(f) = ¢(f) + Ed(A(t)), where ¢ =

—0" (¢(f) .
2. For every f € F[t] we have that y(s ¢)(f) € Vo.

Proof. (1) Let f € F. Then there is a g € F such that f = A(g) + ¢(f). Set v :=
() +¢p(A1)). Then f = A(g)+¢(f) = A(g)+v—E¢(A(2)). Since p(A(1)) € A(F[t])
by Lemma@ there is a g’ € F[t] with f = v+ A(g’). With é = —0*(¢(f))c™! =
=07 (¢(f))/0"(¢(A(1))) we get 0% (v) = 0"(d(f)) +¢07(¢(A(2))) = 0. Sincev € ANF,
v belongs to the 8-complement, which implies that ¢ (s g)(f) = v by Theorem

(2) Let f € F|[t]. Then in the construction we get f; = proper(f) = 0 and f, =
poly(f) = f. Following the proof of Theorem [2] we get g € F|[t] and v € Vj such that
f = fo =A(g) +v. In particular, ys o(f) = v. O

In [40] a similar construction has been provided to decompose f € F(t) in a
summable and non-summable part where ¢ is a X*-monomial (or a II-monomial[24]
covering also products). While the construction for the rational part is only a streamlined
version [40]], the construction of the polynomial part has been substantially improved in
this article for the case of a X*-monomial. First, our new construction provides a com-
plete reduction and not only an additive decomposition (i.e., the complementary set
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forms a subspace of F(1)). Second, our algorithm does not require to solve any underly-
ing difference ring equation in (F, o) using classical tools such as degree/denominator
bounds [24, [11} [35] and solving the underlying linear system. Finally, all the coeffi-
cients of the polynomial contributions are reduced and thus lead to significantly smaller
representations. We conclude this section with the following optimality property of
Y (s,0)(f); compare [40] (see Corollaries 4.1 and 5.1 therein).

Corollary 4 Let f € F(1) with the Y (s,g)-remainder h. Assume that there exist g, h e
F(t) such that f = A(g) + h. Then

deg, (den(proper(/)) < deg, (den(proper(h))) and deg,(poly(h)) < deg, (poly(h)).
Proof. Since f = A(g)+ h and h is the remainder of f, we have i —h € A(F(z)). Thus
proper(h) — proper(h) € A(F(t)y) and  poly(h) — poly(h) € A(F[t])  (34)

by Lemma [2| The minimality for both components can be shown as follows. By
Proposition [1| we have that proper(h) — u € A(F(t)r)) for some u € Us with
deg,(den(u)) < deg,(den(proper(f))). Thus proper(h) — u € A(F (1)) by (34).
Since proper(h), u € Us, proper(h) —u € Us. Hence proper(h) —u € A(F(t)y) NUs.
So proper(h) —u = 0 by Lemma [3) which implies that deg,(den(proper(h))) =
deg, (den(u)) < degt(den(proper(ﬁ))).

Similarly, by Proposition {4} there is v € Vy with deg,(v) < deg,(poly(fz)) such that
poly(i) — v € A(F[t]). So poly(h) — v € A(F[t]) by (34). In addition, poly(k) € Vg
implies poly(h) — v € A(F[t]) N Ve = {0}. Hence, poly(h) — v = 0 which implies
deg, (poly(h)) = deg,(v) < deg,(poly(h)). O

4 Complete reductions in towers of X* extensions

This section divides into three parts. In Section[4.T] we construct complete reductions in
towers of X*-extensions (also called *-towers) and elaborate on the algorithmic aspects
of the obtained recursive method. In particular, an experimental comparison between
the complete reduction and the built-in algorithm of the package Sigma in Mathematica
is given. In Section 4.2 we illustrate how complete reductions can be utilized to solve
the parameterized telescoping problem in such X*-towers. Finally, we connect to Karr’s
reduced X*-extensions in Section and show how complete reductions can be used
to reduce the nesting depth of input sums.

4.1 A recursive telescoping algorithm based on complete reductions

A tower of X*-extensions can be introduced as follows.

Definition 8 Let (F, o) be a difference field with constant field C and let (E, o) be a
tower of X*-extensions of (F, o), i.e,
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F=F< F <.---< F,=E
[ I (35)
Fo(t1) Fu-1(tn)

is a tower of field extensions where for all 1 < i < n each F; = F;_{(¢;) is a transcen-
dental field extension of F;_1, and o (¢#;) = t; + a; with a; € F;_1 and Cg = C. In other
words, #; is a Z*-monomial over F;_j for 1 <i < n. Wecall (¢,...,t,) also a tower of
>*-monomials over (F, o) and (E, o) a X*-tower over (F, o).

Theorem 3 Let (F,, o) be a X*-tower over (Fy, o) with constant field C as given in
Definition[§|and assume that there is a complete reduction ¢ = ¢ : Foy — Fy for A(Fp).
Furthermore, let ®y be a C-basis of Fy and consider the ©y-canonical basis 2 given
in (I8). Then for eachi with O < i < n, there is a complete reduction ¢; for A(F;) with a
second pair (0;, c;) € E X C associated to F;_ (t;) with ind,, (6;) = ind,, (¢;—1 (A(¢;))).

Proof. We proceed by induction on n. The statement clearly holds for n = 0. Assume
that there is a complete reduction ¢,, for A(F,,) with n # 0 as claimed in the theorem
and consider the £*-monomial #,,,] over (F,,, o). It follows by Lemmathat there exists
a second pair (0,11, cy41) associated to Fpy1 with ind, 1 (¢, (A(#441))) = indp41 (0p41)-
Consequently, we obtain a complete reduction ¢, for A(F,1) by replacing F with F;,
and ¢ with ¢,, in Theorem 2] O

The algorithmic version can be summarized in the following theorem if one can
solve Problem SE in each of the arising X*-monomials ¢; over (Fy, o). According to [27}
Corollary 1], this can be accomplished if the ground field (Fy, o) is o*-computable
(see [27, Definition 1]). To be more precise, since we restrict to a tower of X*-extensions
(excluding IT-extensions), we actually require only the following algorithmic properties.

Definition 9 A computable difference field (F, o) is said to be o-*-computable if the
following holds.

(i) Forevery k € Z*, the difference field (F, %) has the property that for every r € Z*
and g € F*,0(g") = ¢" implies g € C.

(ii) There is an algorithm that decides constructively if for given f, g € F* and k € Z*,
there is an n € N such that 1 + 3}, ]—[j;%) aki(f) =g.

Note that Karr’s general I1X*-fields or TIZ*-field extensions over free difference
fields [27] are o-*-computable and thus also o-*-computable. In the examples of this
article we will only consider a very special case of such a o--computable difference
field (Fy, 0): Fp = C and the field of constants C is given by a rational function field
over an algebraic number field.

Theorem 4 Let (F,, o) be a T*-tower over (Fy, o) with constant field C as given in
Definition [8 and assume that (Fy, o) is computable, has an effective C-basis, and is
¢o-computable w.r.t. a complete reduction ¢ = ¢o : Fy — Fy for A(Fy). Then for all
1 <i < n, F; is ¢;-computable with the complete reduction ¢; for A(F;) as given in
Theorem 3| if one of the following holds.

1. One can solve Problem SE in F;_|[t;] foreach 1 <i < n.
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2. (Fy,0) is o*-computable.
3. Fy = C is a rational function field over an algebraic number field.

Proof. If n = 0 the statement clearly holds. Otherwise, we observe that by Lemma[I]a
second pair in the proof of Theorem[3]can be computed explicitly. Moreover, Property 3
implies Property 2 by [38, Thm. 3.5] and Property 2 implies Property 1 by [27, Cor. 1].
Finally, if Property 1 holds, the construction of Theorem[2]is algorithmic (see Algorithm
CompleteReduction). Thus also the induction step in the proof of Theorem [3|can be
carried out explicitly which proves the statement. O

Remark 3 With the earlier approaches given in [24, 27] it follows that one can solve
the telescoping problem in F}, if Fyy is o*-computable and one can solve parameterized
first-order linear difference equations (see equation (37)) in Fy. These assumptions cover
as special case the conditions imposed in the above theorem. However, exploiting these
refined constructions of complete reductions one gains more efficient solving methods
as illustrated on page

When one applies Algorithm CompleteReduction to f in (F,, o) one enters Al-
gorithm ReductionForPolynomials(F}, f») in Step 3. There one executes in Step 1
the command AuxiliaryReduction(p) and restarts in the while loop the Algorithm
CompleteReduction in the field F,_; below. Similarly, one enters also the sub-
algorithm EchelonBasis which inside executes again CompeteReduction in the field
F,,—1 below. Summarizing, the machinery is highly recursive and a tree of reductions is
generated that call several instances of CompeteReduction in each extension level F;
forl <i<n.

The following technical aspects are in place.

e When executing ReductionForProperRationalFunctions in (F;, o) within the
recursive calls, one has to take care that the set S; of representants of shift equivalent
factors used for the definition of 23) (with S = ;) is fixed during all recursive calls.
As explained in Remark [2] we initialize these sets S; for 1 < i < n to the empty
set and append new representant to S; whenever a new element p in Algorithm
ReductionForProperRationalFunctions arises.

¢ The determination of a second pair is essential for the construction of the comple-
mentary space given in Definition[6] Since the second component of the first pair is
needed to compute the second pair, it is natural to fix the first pair also in advance.
Thus both pairs are fixed in a preprocessing step for each arising ~*-monomial ¢;.
This leads to the following extra improvement.

» Using always the same first pair of a X*-monomial #;, also the echelon basis induced
by this first pair is fixed. In particular, one can store the basis elements for each #; in
a separate list L; and can reuse the basis elements or can enlarge the list with extra
basis elements with higher degrees whenever this is necessary within the recursion.

Subsequently we make the following notational convention for the rest of this section.

Convention 1. Ler (F,, o) be a X*-tower over (Fy, o) as given in (33), and ¢o be a
complete reduction on Fy for A(Fy). Let B be the effective C-basis of F, given in (I8).
Foralliwith1 <i < n, ¢; : F; — F; stands for the complete reduction for A(F;), and
(84, 9(A(1;))) and (8, c;) for fixed first and second pairs associated to F;, respectively.



28 Shaoshi Chen, Yiman Gao, Hui Huang and Carsten Schneider

Corollary 5 Ler f € F,,. Then ind,,(¢,,(f)) < ind,, (f).

Proof. Let m = ind,(f). Then f € F,,, but f ¢ F,,_;. It follows that ¢,,(f) € F,. So
ind,, (¢ (f)) < ind,(f). By Corollary 3] 1, we have

Sms1 (f) = dm (f) + cmbm(A(tmse1)), (36)

where ¢y = ~0%,, (Sm())/0, (B (Alips1)). Write ¢ (f) = Syex crwy in the
effective C-basis E given in Convention |1} If ¢,,(f) is free of 6,41, then ¢,, = 0.

So ¢m+1(f) = ¢m(f), in particular ind,, (¢+1(f)) = ind, (¢, (f)). Otherwise, we
conclude with ind,, (¢, (f)) = max{ind, (w;) | ¢; # 0} by (I9) and the property that
the coeflicient of 6,,4; in ¢,,(f) is nonzero that ind, (0,,+1) < ind,(¢,;,(f)). With
Theorem [3] we have ind,, (¢ (A(fm+1))) = indy, (0m+1) and thus ind,, (¢ (A(tme1))) <
ind,, (¢, (f)). Finally, with it follows that

ind;, (@41 (f)) < max{ind, (¢ (f)), indy (¢ (A(tin4+1)))} = indy (i (f))-

So in any case we have that ind, (¢;,+1(f)) < ind, (¢, (f)). Repeating the above
analysis in a finite number of steps, we conclude that

1ndn(¢n(f)) < indn(¢n—l(f)) <0< indn(¢m+l(f)) < 1ndn(¢m(f)) < lndn(f)

Note that f € F, \ F;,,-1, i.e., f depends on t,,. By construction, ¢,,(f) € F, and thus
the last inequality follows. |

Example 11 We are now in the position to carry out the details for the simplification of

the .
H.
Sy

n
k=1 " j=1

| =

introduced in Example [2| Let Fy = Q(x) with o(x) = x + 1 and take the X*-tower
F, = Fy(t1, 1) over Fy, where
(x+ D +1

1 |
oc)=n+_— ad on)=n+o(-)=0n e

To F;, we associate

(81> do(A))) = (}C }C) @1, c1) = (}C 1)

and to F,, we associate
212

1+x22 11
(81, 91(A(12))) = (W’ 2_x2)’ (62,¢2) = (;, 5)

Here we choose f := 1, /x as the element in F; that represents % > f.:l H;/j.Applying
Algorithm CompleteReduction to f yields the Z-pair (TT) of f. Since r is nonzero, f
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is not summable in F>. In particular, using Corollary[T]it follows that we can adjoin the
>*-monomial #3 to F, with A(#3) = r which gives f = A(g + 3). Note that this relation
is reflected by the identity given in (T2).

For concrete problem solving (see, e.g. [48l132,16]) one can often restrict to the fol-
lowing special case. Let (F;,, o) be as above a X*-tower over (Fy, o-) with the restriction
that A(#;) € Fo[t1,...,t;—1] for 1 <i < n, i.e., inside of sums only polynomial expres-
sions of sums arise. Furthermore define the subring of polynomials E; = Fy[ty, ..., ;].
Then it follows straightforwardly that o restricted to E; forms a ring automorphism. In
short, (E,, o) is a difference ring (which in [45]/46]] are also called £*-ring extensions).
Observing that A(E;) is a C-subspace of F; we get the following connection.

Corollary 6 ¢;|g, is a complete reduction of A(E;) on E; for 1 <i < n.

Proof. Suppose that there is an i with 1 < i < n such that ¢} := ¢;|E, is not a complete
reduction of A(E;) on E;. Leti > 1 be minimal with this property. Then there is an
f € E; such that ¢/(f) ¢ E; or we have ¢;(f) € E; but there is no g € E; with
f =A(g) + ¢;(f). The minimality of 7 implies im(¢_,) = im(¢;-1|g,_,) S E;-1. For
each p € E;, there is g € E; such that p — A(q) € P, ;im(¢/_,)t" by replacing F
with E;_1, t with ¢; and ¢ with ¢; 1 in Proposition 2} So we conclude that ¢/(f) €
P, cn im((ﬁ;_])ti by Corollary 2. Thus ¢/(f) € E; and it follows that g € F; \ E;
such that f = A(g) + ¢;(f). However, A(g) = f — ¢;(f) € E;. With [42, Thm. 2.7] we
conclude that g € E;, a contradiction. O

Even more, one can streamline Algorithm CompleteReduction for such a difference
ring (E,, o) by observing that execution ReductionForProperRationalFunctions
is obsolete and one simply sets (g,7) = (0,0). This follows by induction on n.
Namely, suppose that the modified algorithm is correct with less than n X*-monomials
and executes the modified algorithm CompleteReduction in E,. Then by Corol-
lary 3|2 we may set (g,h) = (0,0). Further we observe that when entering the
steps for ReductionForPolynomials one only carries out operations in the dif-
ference ring (E,, o) leading only to expressions in E,. Thus whenever one calls
CompeteReduction in E,_; (in AuxilaryReduction and EchelonBasis) the argument
is again a polynomial in E,,_;. Thus by induction one never deals with proper rational
function contributions in (F;_{(#;))() and the claim is certified. As a consequence,
solving Problem SE is obsolete and Theorem 2] simplifies as follows.

Corollary 7 Let (E,, o) be a tower of X*-ring extensions over (Fy, o) with constant
field C as given above and assume that (Fy, o) is computable, has an effective C-basis,
and is ¢o-computable w.r.t. a complete reduction ¢o for A(Fy) on Fy. Then for all
1 <i < n, E; is ¢;-computable with the complete reduction ¢; for A(E;) as given in
Theorem 3]

Implementation aspects

We have implemented Algorithm CompleteReduction (CR) in the computer algebra
system Mathematica using subroutines of Sigma in the setting of [IX*-fields to compute,
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e.g., the o-factorization needed in ReductionForProperRationalFunctions. In
the following we will compare it with the function RefinedTelescoping (RT) in the
summation package Sigma that implements the algorithms given in [41} 40,44, 45]. In
our case study we take the *-tower (F3, o) over (Q, id) with F, = Q(x)(¢1)(¢2), where

1 1
= 1, t =t 1 d t =t *
ox)=x+ o(t) 1+ an o(ty) =t + Grl?

Note that 7 and 7, represent H,, and H,(,z), respectively.

In each test suite we chose for i € N three random polynomials p; € Q(x)[¢1, f2]
where the selected generators have total degree i (details are given below) and measured
the average time to solve the telescoping equation A(g) = f; for the given summand
fi = A(p;) € Q(x)[t1,12],1.e., the time needed to reconstruct p; from f;. More precisely,
we applied for the generators 7, and 7; to the simplified version given in Corollary[7|(i.e.,
ReductionForProperRationalFunctions is not used), but used the full machinery
of CR in the difference field (Q(x), o) which reduces to Abramov’s algorithm [3];
compare Corollary [2] Similarly, we exploit other refined algorithms in Sigma for this
special structure when applying RT.

All timings are measured in seconds on a computer with Linux, CPU 3.00 GHZ,
Intel Core 17-9700, 32G memory. The average timings are summarized as follows.

e In the first suite, we generated randomly p; € Q[x, 71, #2] where the total degree of all
three variables is i.

i| 10 | 15 20 25 30 35 40 45 50
RT| 1.74|4.55 | 11.82 | 23.73 | 66.96 | 143.87 | 207.23| 368.09| 547.52
CR{1.19|1.69 | 3.68 | 3.04 | 6.19 | 13.40 | 18.03 | 32.04 | 49.57

e In the second suite, we picked polynomials p; € Q(x)[z1,#2] where the total degree
of the polynomials in 71, #; is 7 and the coeflicients are quotients of random polynomials
in Q[x] with degree 5.

i 11 12 13 14 15 16 17 18
RT| 428.15| 650.26 | 1428.50 | 1928.40 | 4191.05 | 6650.85 | > 36000 | > 36000
CR| 59.19 | 81.68 | 127.28 | 163.28 | 303.58 | 381.82 | 431.12 | 681.55

The timings show that CR outperforms RT in a small X*-tower where the input
polynomials have high degrees. At this point one may remark that Sigma’s algorithms
are tailored for big [IX*-towers with up to 100 generators (where the degrees of the
>*-monomials in the summand are not large) within the setting of depth-optimal I[TX*-
extensions [41]]. Further case studies will be necessary (with further extensions of our
new approach) to be able to compare also such scenarios fairly.

4.2 Parameterized telescoping

A key problem of symbolic summation is the task to solve parameterized telescoping
equations. In the difference setting this can be formalized as follows. Given fi,.. ., fi, €
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F,, findcy,...,cm € C, not all zero, and g € F,, such that

cifi+-+cenfim =Ag), 37

holds; it reduces to the telescoping problem for the special case m = 1, but also covers
Zeilberger’s creative telescoping paradigm [50, 51, 134] in the setting of difference
fields [35[32]]. More generally, define for f = (fi,--- , fin) € F)J" the solution set [24]

VI, F,) ={(c1, ycm &) EC" X Fy | c1fi+ - +cnfm =A(g)}.

Since this set forms a C-linear space with dimension no more than m + 1 (see [35]
Cor. 3.1.1]), the task to solve the parameterized telescoping problem is covered by
computing a basis of V(f, F},). In [32,[37] |41}, [44] 146]] various improvements have been
elaborated how the parameterized telescoping can be tackled in the difference ring and
field approach.

As illustrated [[7 [18) [14} 18, [15] in symbolic integration, reduction based methods
can be used to significantly speed up the task to solve the parameterized telescoping
problem. Using our reduction based approach for X*-extensions these ideas can be
exploited as follows.

For 1 < i < m, we compute the X-pairs (g;, ¢, (f;)) of f w.r.t. the complete reduction
on, 1.e., we get

fi = Agi) + dn(fi).
Now the crucial observation is that applying ¢, to yields

c1¢n(fi) + -+ cmbn(fin) =0 (38)
for the given ¢,,( f;). This leads to a linear algebraic system Lincy, . . ., ¢, and the task to
determine the (cy, . .., c;,) € C™ reduces to the problem to solve the system L by linear
algebra methods. Suppose that we get the C-basis B := {(¢j 1, - ,¢im) | 1 < i £ j}

of L for some 1 < j < m. Then this leads immediately to the desired C-basis

{(0"'~a0’ 1)}U{(Ci,1"" sci,m,wi) | 1 < [ S.]}

of V(f, F,,) with

m
w; = Z ci,e8t € Fu.

=1
We remark that for the standard approach in difference rings and fields [32}137.14 1,144 146]]
it is often a challenge to compute the expressions w; € F,; they usually blow up if one
brings them over a common denominator. Using complete reductions as a preprocessing
step to compute the X-pairs (g;, ¢, (f;)) and to solve afterward the underlying linear
system (38)) to determine the ¢;, makes the reduction based methods so interesting and
will be explored further in future investigations.

Example 12 For the X*-tower F, over Fy given in Example letf = (f1, f2, f3) € F;,
where
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1+ -t —xt f= hrn-x = 3t
T A+ +x) " 2T Gt rn+0n T 1+n

fi

With the Algorithm CompleteReduction we compute X-pairs

t
tl’ - 2 > ﬁao ) and O’ 3t2
t+1 31 t+1

of f1, f> and f3 w.r.t. ¢, respectively. Thus there exist ¢, ¢, c3 € C such that

cifi+cfr+ezfz=A(g)

for some g € F; if and only if

) + 3t 0
C C =
YU+ " +n)

From the linear system we compute the C-basis {(3,0,1), (0,1,0)}. Therefore,
{(0,0,0,1),(3,0,1,3¢1), (0,1,0,x/t1)} is a C-basis of V(f, F;).

Example 13 Given f(n, k) = %, we are looking for ¢y, ¢z, c3 € Q(n) and g(n, k)
such that the creative telescoping equation

crf(mk)y+cr f(n+1L,k)+c3 f(n+2,k)=g(n,k+1)—g(n, k) (39)

holds for all » > 0 and 0 < k < n; the left-hand side is also called a telescoper and
g(n, k) is called the certificate. For this task, we take the rational function field C = Q(n)
and construct the X*-tower (F3, o) over (C, id) with F, = C(x)(#;) where o (x) =x+1
ando(t1) = t;+1/(x+1).In F, we canrepresent f(n, k) by fi = t;/(n—x+1), f(n+1,k)
by fob=t1/(n—x+2)and f(n+2,k) by f3 = t;/(n — x + 3). Let ¢ be the complete
reduction for A(F;) on F,. Since f; € C(x)[t;] whose the coefficient w.r.t. t; is o-
simple and free of 1/x, we have ¢( f1) = f1 and we get the Z-pair (g1, #(f1)) = (0, f1)-
Applying Algorithm CompleteReduction to f; and f3 produces the X-pairs

— t t 1
(82’ ¢(f2)) - (_ (n+2)J(Ynl—x+2) ’ n—)](+1 + (n+2)(n—x+1)) ’

_ t 11+3t+1 (2n+5)t t 2n+5
(83.¢(f) = (—n+lx—3 + 3 D T D ey T (n+2)(n-:?)—(n—x+l)) :

By linear system solving we find ¢c; = —n — 2, ¢co =2n + 5, c3 = —n — 3 such that

c19(f1) + c20(f2) + c3¢(f3) = 0.

Taking g = ¢1g1+c282+¢383 = "gf—ff_‘;l —;”_‘—;3_’31 solves withm = 3. Reinterpreting
the g as g(n, k) in terms of our given summation objects provides a solution of (39)
and summing this equation over k from O to n and taking care of compensating terms
we obtain the linear recurrence

(-n=2)S(n) + 2n+5)S(n+ 1)+ (-n=3)S(n+2) = —-2;

n+2
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for the sum S(n) = X7_, f(n, k).

4.3 Well generated and reduced towers of X*-extensions

Following [24] a tower of X*-extensions (Fy, o) over (Fy, o) with (33) is said to be
reduced over Fy, if for each X*-monomial #; with 1 < i < n the following property
holds: if there exist g; € F;_ and r; € Fj such that

A(t;) = A(gi) + i, (40)

then A(t;) € Fy. Reduced X*-towers can be useful to find closed forms of given sums
by using the following result; see [24] (compare also [35, Theorem 4.2.1] and [43]
Theorem 9]).

Theorem 5 (Karr’s fundamental theorem) Let (F,,0) be a reduced X*-tower over
(Fy, 0). Assume that f € Fyand g € F, such that f = A(g). Then

gZZC,’ti+w

ieS

where w € Fy, ¢; € C and
S={i| A(t;) € Fo}.

Given a X*-tower, there are algorithms available in [36}44], to decide algorithmically
if for given A(#;) € F, there exist g; € F,, and r; € Fp such that (@0) holds. In particular,
this problem has been solved in [40, Thm. 6.1] using partially reduction-based ideas.
Then given any of these algorithms and using [43, Algorithm 1], one can compute
a reduced X*-tower which is isomorphic to the input tower. These algorithms rely
on recursive reductions where one has to solve parameterized telescoping problems
in the fields below. With our reduction based methods presented above we can solve
this problem efficiently without solving explicitly any linear difference equation in the
subfields below.

In the following we make this result more precise. First we refine X*-towers using
the construction of complete reductions and show afterwards that they are reduced.

Definition 10 Let (F,, o) with F,, := Fy(t1,--- ,t,) be a Z*-tower over (Fy, o). If
A(t;) € im(¢;—1) for each i with 1 < i < n, then F,, is said to be well generated.

Lemma 7 Any well generated X*-tower (F,,, o) over (Fy, o) is reduced over Fy.

Proof. Suppose that F;, is not reduced. Then we can take an i with 1 < i < n and
A(t;) ¢ Fy such that there are g; € F;_; and r; € Fyy with {@0). Since A(#;) € im(¢;—1)
and ¢;_; is idempotent, it follows that ¢;_;(A(#;)) = A(t;). Hence applying ¢;_; to
both sides of (40)), it follows that A(#;) = ¢;—1 (A(g;)) + ¢i—1(ri) = ¢i—1(r;). Moreover,
ind;—1(¢;—1(r;)) < ind;—1(r;) by Corollary [5} So ind;_;(A(#;)) < ind;—;(r;), which

implies that A(#;) € Fy, a contradiction. O
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For difference fields (F, o) and (K, &) amap 7 : F — K is called a difference field
isomorphism if 7 is a field isomorphism with & (7(a)) = 7(o(a)) for all a € F. In this
case we say that (F, o) and (K, &) are isomorphic.

Next, we show how a X*-tower can be transformed (via a difference ring isomor-
phism) to a well generated version; compare [43, Algorithm 1].

Proposition 5 Let (F,, o) be a X*-tower over (Fy, o). Then there exists a well gen-
erated X*-tower (K, o) over (Fy, o) with K, = Fo(uy,--- ,uy) and a difference field
isomorphism 1, from F, onto K, with t,|r, = id.

Proof. We proceed by induction on n. For the base case n = 0 nothing has to be shown.
Assume that n > 1 and that the conclusion holds for n — 1. So there is a difference
field isomorphism 7,—; from (F;,,—1, o) onto a well generated X*-tower (Kj_;, &) with
Tpn-1|F, = id. Then (K,—1(i,), &) with & (u,) — un = Th-1(A(t,)) is a X*-extension
because 1, is a X*-monomial over F,,_| and 7,,_| is an isomorphism. Moreover, It follows
from [41), Proposition 18] that 7,,_; can be extended to a difference field isomorphism
from F,_(t,) to K, (ii,) by sending ¢, to ii,,. On the other hand, there is a complete
reduction ¢,,_1 on K,,_1 for A(K,,_1) by Theorem Let (gn, ) be a Z- pair of A(i,)
with 7, = ¢,_1 (A(ii,)). It follows that K,,_ (u,,) with A(u,) = r, is a X*-extension by
Corollary 1| Moreover, there is a difference isomorphism

M Ky (i) — Koy (un)
iy, = U+ gn-

with u|k, , = id by [43] Lemma 21]. Thus u is a difference field isomorphism and
therefore 7, = u o 7,1 establishes a difference isomorphism between F, and K,,. O

The following example (compare Example [refExp:ImprovedNestedTower) illus-
trates that well-generated X*-towers may help us to reduce the depth of a given input
sum.

Example 14 Let F, := Fy(t1,1;) and f be given in Example We transform F, to
a well generated one. We start with the ground field F; and take the isomorphism
T : Fy — Fy with 7(a) = a for all a € Fy. By Example we find a Z-pair
(11 = 1/x, 1/x) of A(t;). 1t follows that Fy(u;) with A(u;) = 1/x is a Z*-extension by
Corollary |1} Furthermore, we extend the isomorphism 7 to 7 : Fo(t;) — Fy(u;) by
sending ¢ tou+1/x. Finally, applying Algorithm CompleteReductiontot (o (¢1/x)),

we obtain the 2-pair
u? IR
2 x X% )’

which implies that Fy(u1, u3) with A(uy) = 1/2x? is a Z*-tower over Fy. In addition,
the isomorphism can be further extended to 7 : Fy(t1,t2) — Fo(uy,uz) with 7(;) =
uy + u%/2 +up/x+ 1/x%.

Consequently, K; := Fy(uy,uy) is a well generated X*-tower over Fj and is isomorphic
to F,. Next, we simplify 7(f) in K;. The result is
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3
=A u 1
T(f)— g+u1u2 +§,
which produces the identity (I3) given in Example [3] Compared with the right side
of (I2), we managed to reduce the nesting depth (the number of recursive summation
quantifiers) from 2 to 1.

5 Conclusion

In this article we combined ideas from the differential field [20] and difference field
setting [40] to derive a new algorithmic approach to solve the refined telescoping equa-
tion (B) in a tower of X*-extensions that relies only on complete reductions. In particular,
we demonstrated that the complete reduction approach applied to summands in small
X-towers (with ~ 3 generators) but involving big polynomials with large total degree
outperforms the telescoping algorithms of Sigma that rely on solving telescoping equa-
tions in subfields below (by using denominator and degree bounds and computing the
solution by recursive system solving). Further experiments (and enhanced implementa-
tions) will be necessary to compare these two different approaches for more complicated
towers of X*-extensions.
In addition, we illustrated how these reduction based methods can be used to solve
parameterized telescoping (including creative telescoping as a special case) problems
and to reduce the nesting depth of the input sums. In particular, we connected our con-
structions to Karr’s reduced X*-extensions in the context of his Fundamental Theorem
(see Theorem [5). Further developments will be necessary to link complete reductions
to more refined structural theorems derived in [43]]. In particular, it will be interesting
to see how depth-optimal X*-extensions [41]] can be connected to complete reductions
in order to compute sum representations with minimal nesting depth more efficiently.
In general, we developed a general framework that solves the problem to compute
complete reductions in a tower of X*-extensions if the problem can be solved in the
ground difference field (see Theorem [] and Corollary [7). This will be the basis for
further investigations to extend the existing machinery. In particular, using results
from [17, 121} [13] it will be important to develop complete reductions for I1-extensions
and RII-ring extensions [45]46] in which one can model (g—)hypergeometric products
and their mixed versions; for further details we refer to [47] and literature therein.
Finally, we remark that the proposed construction of complete reductions are inspired
by the differential case and thus these symbolic integration and summation approaches
can be compared straightforwardly. In this regard, a natural question is to which extend
our results (like reducing the nesting depth of sums in complete reductions) can be
taken up to the differential field setting.
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